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1 Phan 1 

Bai 1 (Tp. HCM - Ngay thtf 1). 

Vdi a, 6 , c la cac so thiCc co tong bang 0. Tim GTNN cua bieu thdc: 

P = (a 2 + l ) 2 + ( b 2 + l ) 2 + (c 2 + l ) 2 + 6-\/6 abc 

Lett Giai. 


• Neu a = b = c — 0 thi P = 3. 

• NgUdc lai ta chi can tim GTNN cua P trong trtfdng hdp co hai so duong va mot so am 
(tai sao?). Khong mat tfnh tong quat ta gia snf a, b > 0; c < 0 khi do ta dat c — —d vdi 
d > 0 ta dtfdc: 

d = a + b 


Vay 

P — ct 4 + 6 4 + d 4 + 2 (a? b 2 d 2 ) — 6\/6 abd + 3 
Theo BDT AM - GM ta lai co: 
a 4 + b A + d 4 + 2 (a 2 + b 2 + d 2 ) 


a 4 d 4 d 4 (2 2 2 2 2 2 \ /2 , 2,2 2 i2 \ 1 , 2 1 , 2 

-a + b +-+„+-+/-a +-« +- tt j + (-6 +-(, +-6 j+.d + ... + -d 


36 / 2 6 .o 10 6 10 d 88 3 X - ~ 30/ . I 1 „ 

- 36 V 2 64 .2 12 .3 18 = 36 V = 6 A/-^-= 6 


2 64 .2 6 .3 18 
d \ 2 f a + b 


2 6 .o 10 6 10 d 88 _ 36 / o 10 6 10 d 88 _ 36 /3 18 .a 10 6 10 d 88 _ 36/3 18 .a 10 6 10 d 36 .(d 2 )' 


2 34 


2 34 


>ab^d 2 > 2 2 ab 


Do do: 


a 4 + 6 4 + d 4 + 2 (a 2 + & 2 + d 2 ) >6 


3 6 /3 18 .a 10 6 10 d 36 .(d 2 ) 26 3 6/3 18 .2 52 .a 10 6 10 d 36 .a 26 .6 26 


= 6 v / 3 18 .2 18 a6d = Q^Qabd 


Vay 


P — o 4 + & 4 + d 4 + 2 /u 2 -j~ 6 2 + d 2 ) — 6\/6 abd + 3^3 
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Ca hai trubng hdp ta dude P > 3 dang thiic xay ra khi va chi khi a = b — c = 0 hoac 



a = b = —, c =-va cac hoan vi cua no. Tiic GTNN cua P la 3. □ 

3 3 

Nhan xet: Bai toan kiem tra ky nang chon diem rdi khi dung BDT AM - GM (day la ky nang 


kha quan trong) 2 
Bai 2 (PTNK). 

Tim so nguyen diCcfng k nhd nhat sao cho BDT sau: 

x k y k z k ( x 3 + y 3 + ^ < 3 

dung vdi moi so thuc dicing x : y, z thoa man x + y + z — 3. 

Ldi Giai. 

Cach 1: Chon x = y = 0.8, z = 1.4 de dang kiem cluing k— 1,2 BDT tren khong dung. Ta se 
cluing minh k nguyen dudng nho nhat de BDT de bai cho luon dung la k = 3. 

Vdi k = 3 ta can chiing minh: 


x 3 y 3 z 3 (x 3 + y 3 + z 3 )<3 


Khong mat tinh tong quat ta gia sii x < y < z. Khi do luon ton tai m > n > 0 sao cho 
x — m — n,y — m + n. Khi do: 



• Xet ham so: 


/ (n) = (m — n) 3 (m + n) 3 z 3 [z 3 + (m — n) 3 + (m + n) 3 ] = z 3 (m 2 — n 2 ) 3 (z 3 + 2 m 3 + 6 mn 2 ) 


Khi do: 


f ( n ) = z 3 |^— 6n(m 2 — n 2 ) 2 [z 3 + 2 m 3 + 6 mn 2 ) + ( m 2 — n 2 ) 3 (12mn)j 
= z 3 (m 2 — n 2 ) 2 [—6 n (z 3 + 2 m 3 + 6 mn 2 ) + (m 2 — u 2 ) (12mn)] 


m — n' 


= z 3 (m 2 - n 2 ) 2 (-6 nz 3 - 48 mn 3 ) < 0 


Do do: 


f(n)<f (0) = m 6 z 3 (z 3 + 2m 3 ) = m 6 (3 - 2m) 3 ((3 - 2m) 3 + 2m 3 ) 


• Xet ham so: 


g (m) = m 6 (3 — 2m) 3 [(3 — 2m) 3 + 2m 3 ] 


2 Ta se gap lai ky nang nay qua de thi cua tinh Blnh DuCdng, Ben Tre 
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Ta co: 

g' (m) — 18m 5 (3 — 2m ) 2 (m — 1) ( 8 m 3 — 45m 2 + 63m — 27) 

= 18m 5 (3 — 2m ) 2 (m — 1) [(m — 1) ( 8 m 2 — 37 m + 26) — 1] > 0 (vdi moi 0 < m < 

Vay nen: g (m) < g (1) = 3 

Tom lai: 

* W ( x 3 + y 3 + z 3 )< 3 

Cach 2:(Nguyen Van Huyen) 

Lap luan tUOng tU nhu each 1. Ta can cluing minh: 

x 3 y 3 z 3 (j x 3 + y 3 + z 3 )< 3 

Khong mat tinh tong quat ta gia sil z la so ldn nhat trong ba so x , y, z. Dat t = v ^ ; 

/ {x, y, z) = x 3 y 3 z 3 ( x 3 + y 3 + z 3 ) 

Ta se chilng minh / (x, y,z) < f (t, t, z). Ta co: 

/ (t, t,z)-f (x, y, z) - z 3 [f ( 2 1 3 + z 3 ) - x 3 y 3 (x 3 + y 3 + 2 : 3 )] 

Ma: 

t e (2t 3 + z 3 ) - x 3 y 3 (x 3 + y 3 + z 3 ) — z 3 (t 6 - x 3 y 3 ) + 2t 9 - x 3 y 3 (x 3 + y 3 ) 

- z 3 0 1 6 - xV) + 2 t 9 - x 3 y 3 (x + y) (x 2 + y 2 - xy ) 

— z 3 (t 6 — x 3 y 3 ) + 21 9 — 2tx 3 y 3 (At 2 — 3 xy) 

> t 3 (t e — x 3 y 3 ) + 21 9 — 2tx 3 y 3 (At 2 — 3 xy) 

= 3 1 (t 2 - xy) [t 6 + xy ( 2 xy + t 2 ) (t 2 — xy)] >0 

Vay 

/ (x, y,z)<f ( t , t,z) = f ( t, t, 3-2 1)= t 6 ( 3 - 2 1) 3 [21 3 + (3 - 2t) 3 ] 

Ta chi can cluing minh: 

t 6 ( 3 - 2 1) 3 [21 3 + (3 - 2t) 3 ] < 3 

3 (t - l) 2 (1 + 2 1 + 3 1 2 + 4t 3 + 5t 4 + 6 t 5 - 236t 6 + 494t 7 - 396t 8 + 136t 9 - 16t 10 ) > 0 

BDT cuoi luon dung vdi t < 1. 3 Dang thilc xay ra khi va chi khi x = y — z —1 

3 Viec kiem chthag co the thuc hien bang khao sat ham so. Hoac co the lam titdng tit nhu each 1. 
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Cach 3:(luofangxiang) Ta dat: 

m — xyz 

< 8 n = (x + y) (y + z) (x + z) 

6 p = xy (x + y) + yz (y + z) + zx (z + x) 

Khi do ta co: 

# (x + y)(y + z)(x + z) < ( 2x +f+ 2z ) 3 = 

8 8 

= xy (x + y) + yz (y + z) + zx {z + x ) = (x + y)(y + z) {x + y) - 2xyz 

* P 6 6 


> 


+ y)(y + z) (x + y) 


(x + y)(y + z) (x + y) 
4 
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(x + y)(y + z) (x + y) 


• (x + y + z) 2 (x + y) (y + z) (z + x) > 24 xyz (: x 2 + y 2 + z 2 ) 

That vay, BDT tren tuong duong: 

(x + y + z) 2 {x + y)(y + z) {z + x) — 24 xyz ( x 2 + y 2 + z 2 ) >0 


4^ (x + y + z) 2 [(x + y)(y + z) (z + x) — 8 xyz\ — 8 xyz [3 (x 2 + y 2 + z 2 ) — (x + y + z) 2l \ > 0 

44 (x + y + z) 2 [x(y - z) 2 + y(z - x) 2 + z(x - yf] - ixyz [(y - z) 2 + (z - x) 2 + (x - yf] 

44 (x - y) 2 [(x-y + zf + 4 yz\ + (y - zf [(x + y- zf + 4 zx] + 

+(z - xf [(-x + y + zf + 4 xy\ > 0 
BDT cuoi hien nhien dung. Vay ta ditOc: 

m (x 2 + y 2 + z 2 ) < 3 n 

Qua trd lai bai toan. Ta co: 


x 3 y 3 z 3 (x 3 + y 3 + z 3 ) <3 

44 x 3 y 3 z 3 [3 (x 2 + y 2 + z 2 — xy — yz — xz) + 3 xyz] < 3 
44 x 3 y 3 z 3 (x 2 + y 2 + z 2 ) < 1 + x 3 y 3 z 3 (xy + yz + xz — xyz) 


44 x 3 y 3 z 3 (x 2 + y 2 + z 2 ) < 1 + x 3 y 3 ; 


3 3 3 \xy(3-z) + yz (3 - x) + zx (3 - yf 


44 m 3 (x 2 + y 2 + z 2 ) <1 + 2 m 3 p 
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Theo danh gia thrf 2 ta chi can chrtng minh: 

3 m 2 n < 1 + 2 m 3 n 

De chrfng minh dieu tren, theo danh gia tint 1 ta chi can chrtng minh: 

3m 2 < 1 + 2m 3 «=> (m — l) 2 (2 m + 1) > 0 

Bai toan dude cluing minh. 

Cach 4: (Nguyen Tang Vu) 

Ta chi can chrfng minh: 

x 3 y 3 * z 3 (x 3 + y 3 + z 3 )< 3 

Khong mat tinh tong quat ta gia sii z la so nho nhat trong ba so x, y. z. Khi do z < 1. 
Ta co: x 3 + y 3 — (x + y) 3 — 3 xy {x + y) = (3 — z) 3 — 3 xy (x + y). Khi do: 

x 3 y 3 z 3 (s x 3 + y 3 + z 3 )< 3 
^ (3-zf + z 3 <^^ + 3xy(x + y) 


<+ 3 z 2 — 9z + 9 < + x 2 y + y 2 x 

x 6 y 6 z 6 


Ta lai co: 


, 2 , a ^ o si % 3 y 3 . 3 

! + xy+y x >3\i^-t>- 


Vay nen ta chi can dicing minh: 


3z 2 - 9z + 9 < - & z 3 - 3z 2 + 3z - 1 < 0 & (z - l ) 3 < 0 


BDT cuoi cung hien nhien dung theo gia srt ban dau. 

Vay k = 3 la so nguyen duong nho nhat thoa yeu cau bai toan. 

Nhan xet: 


□ 


• Ket qua tren chat hdn bai toan trong Mathematical Reflections 5 (2013)- S280 va each 
giai trong Mathematical Reflections 5 khong du manh de chrfng minh cho bai toan tren: 
Vdi ba so thuc ditefng x,y,z co tong bang 3. Chting minh rang: 

(x 3 + y 3 + z 3 )<3 


' Trong each giai thrf 2 co the danh gia f (x, y,z) < f (t, t, z) ddn gian hdn nhu sau : 4 


x 3 y 3 (x 3 + y 3 ) = xy.xy.xy (x + y) ( x 2 - xy + y 2 ) <{x + y) 


(x + yf 


x + y 


4 Cach danh gia tham khao cua luofangxiang 
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• Ap dung each giai 1, 2 de dang co dude ldi giai cho bai toan sau: Bulgarian TST nam 
2010 

Vdi ba so thuc duong x,y,z co tong bang 3. Ch/lng minh rang: 

xyz ( x 2 + y 2 + z 2 ) < 3 


Bai 3 (De thi chon HSG ldp 12 - Ha Noi). 


Vdi ba sd thuc duefng a, b , c thoa man ab + be + ac + 2 abc = 1. Tim gia tri nho nhat cua bieu 
thtic sau: 

P = i + i + - -2(a + 6 + c) 
abc 


Lett Giai. 

Cach 1: 

Vi o, b, c duong thoa man ab + be + ac + 2 abc = 1 nen ton tai x, y , z duong sao cho: 

y 


y + z'b z + x* ° x + y 


Khi do bieu thiic P dude viet lai la: 


y+ z + x+ z + x + y 

Du doan GTNN la 3 td tien hanh phan tick SOS (tong cac dai luong binh phuong) 

Ta co: 

p_s=(£ + »- 2 )+ (» + £-* ) + (£ + £-2)-2(-^ + -*- + ^—5) 

\y x J \z y J \x z / \y + z x + z x + y 2 J 


( x — yf 

^ xy 


y' i x ~ yf 

^ (z + x) (z + y) 


= Y, {x 


-yf —_I_ 

[xy (z + x)(z + y)\ 


Vay nen GTNN cua P la 3 dat dude khi x — y = z the a = b — c = ^ 
Nhan xet: Qua each phan tich SOS tren ta dude mot ket qua sau: 


y + z | | x+ y 

xyz 


> 


2 


\y + z x + z x + y ) 


+ 3 


Nhung thuc chat ta co ket qua manh hdn co the giai quyet nhanh bai toan: 



y±± + i±^ + ^>4i 

( x W y M g ) 



xyz' 

{y + z x + z x + yJ 



Chiing minh: 

Theo BDT Cauchy ta co: 


7 


THPT chuyen Nguyen Quang Dieu 














Nguyen Tuan Anh 


XX 4:X 

— | — > - 

y z y + z 

cong cac BDT tUdng tu ta cluing minh dude ket qua tren. 
Khi d6: 


„ y + z z + x x + y „ ( x y z \ ^ ( x y z \ ^ „ 

P= - -+ <-+-- - 2 -+ —z— + - >2 -+ —z— +- > 3 

x y z \y + z x + z x + yj \y + z x + z x + yj 


Cach 2: (Cao Dung) 

Tit gia thiet suy ra: 


1 1 1 „ 1 

_ + - - 2 — 

abc abc 


1 1 1 
Dat x = —,y — T ,z — - 
abc 

Khi do 


x + y+z + 2 = xyz < 


x + y + z 


=+ x + y + x> 6 


Vay nen: 


P = x + v + z _ 2 (- + - + -} = ( x + y + z ) ( x + y + * + 2 ) ~ 2 (w + v z + xz ) 

\x y z) x+y+z+2 


x 2 + y 2 + z 2 + 2 (x + y + z) am-gm Q[x + y + z) — 12 
x+y+z+2 ~ x+y+z+2 


x+y+z+2 6+2 


Bai 4 (THPT chuyen KHTN - DHQG Ha Noi - Ngay thti 3). 


Vdi x, y la cac so thuc dittfng sao cho 2x + y, 2y + x ^ 2. Tim GTNN cua bieu thiCc: 

p = (2x 2 + y) {Ax + y 2 ) (2 y 2 + x) (4 y + x 2 ) _ 

(2x + y-2f (2y + x-2f 1 V) 


Ldl GlAl. Ta ce: 

{2x 2 + y) (4s + y 2 ) > _ 1 (2 xy - 6a; - 3 y + 2) 2 > 

(2x + y-2f ~ X V 2 (2x + y-2f 

Tudng tit cho hang tut cdn lai. Do vay ta dude: 


P>-1 


5 Mot bai vdi gia thiet tUOng tu la de thi Olympic chuyen Khoa hoc Tu nhien 2016 
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Dang thiic xay ra khi va chi khi: 


2 xy — 6x — 3y + 2 = 0 


x = y = 


9-^65 

4 


2 xy — 6y — 3x + 2 = 0 ^ 

2x + y — 2\2y-\-x — 2^0 


x = y = 


9 + y/65 
4 


Vay nen GTNN cua P la —1. 

Bai 5 (THPT chuyen KHTN - DHQG Ha Noi - Ngay thd 4). 


□ 


Vdi a, 6 , c la cac so thitc ditcfng co tong bang 3. Chting minh rang: 

a b c > 9 

b 2 (ca + 1) c 2 (ab + 1) o 2 (cb +1) — (1 + abc) (ab + bc + ca) 

Ldi Giai. 

Cach 1: Theo BDT Cauchy ta co: 

/ a b c \ / ca + 1 ab + 1 c& + 1 \ /1 1 1 \ 2 

\b 2 (ca + 1 ) c 2 (ab + 1 ) a 2 (cb + 1 ) / \ a b c / — \a b c) 

Do do ta can cluing minh: 


/I 1 l\ 2 /ca + l a& +1 cb+l\ 9 

\a b c J ~ \ a b c J (abc + 1 ) (ab + be + ca) 


(ab + bc + ca) 2 > 3 abc + ab + bc + ca 

9 abc ~ (abc + 1 ) (ab + bc + ca) 


<=>■ (abc + 1 ) (ab + bc + ca) 3 — 27(abc) 2 — 9 abc (ab + bc + ca) >0 

Ta thay ve trai BDT cuoi cung la ham lorn theo abc nen theo phudng phap ABC 6 ta can cluing 
minh 2 trubng hop sau: 

• TH1: Co mot bien bang 0. Khong mat tinh tong quat ta gia sii a = 0 khi do BDT trd 
thanh: 

(be) 3 > 0 

dieu nay la hien nhien. 

6 Tham khao "ABC Method abstract concreteness - Nguyen Anh Cudng" 
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• TH2: Co hai bien bang nhau. Ta gia sii b — c = —-—. Khi do BDT can chilng minh 
drfdc viet lai la: 



7 ^ 7(3 — a) 3 (a — l ) 2 (a 4 — a 3 — 9a 2 + 13a + 4) > 0 
BDT cuoi luon dung. 

Bai toan dude cluing minh. Dang thilc xay ra khi va chi khi a = b = c — 1 

Cach 2: (http://artofproblemsolving.com/) Theo BDT Holder ta co: 

Z b 2 {c a + 1 ) E + !) E ab ^ ( Q + b + c ) 3 

eye ' ' eye eye 

Do vay ta can chilng minh : 

, 9 

27 = (a + b + c) > ■—-r-—:---r (3 abc + ab + bc + ca ) (ab + bc+ ca ) 

(abc + 1 ) [ab + bc + ca) 

BDT tren hien nhien dung vi: 

ab + be + ca < 3 

Bai toan drfdc cluing minh. Dang thilc xay ra khi va chi khi a = b = c — 1 □ 

Bai 6 (HSG 10- KHTN). 

Vdi ba so thilc dUOng a, b , c thoa man a + b + c— abc. Chilng minh rang: 
_ Va 2 + b 2 + Vb 2 + (? -hij/c 2 + a 2 + 3-\/6 < VSabc _ 

LcJl GlAI. (Ngo Trung Hieu) 

Sil dung BDT Cauchy - Schwarz, ta co: 

Va 2 + H 1 + \/2ab < y/2 (a 2 + 6 2 + 2 ab) = V2 (a + b) 

Mot each tUdng tit, ta co: 

Vb 2 + c 2 + \/2be < y/2 (b + c ) 

\/c 2 + a 2 + y/2 ca < \/2 ( b + c) 

Cong theo ve cac BDT tren vdi chu y a + b + c = abc ta co: 

Va 2 + b 2 + Vb 2 + c 2 + Vc 2 + a 2 + \[2 (Vab + Vbc. + y/ca^j < y/8abc 
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Ta chi can chrfng minh 


Vab + Vbc + \[ca > 3\/3 


Snt dung BDT AM - GM, ta co 


abc = a + 6 + c > 3\fabc 

Do do abc > 3\/3. Th day theo BDT AM - GM, ta thu drfdc: 

Vab + Vbc + Vca > 2>Vabc > 3-\/3 

Phep cluing minh hoan tat. Dang thtfc xay ra khi va chi khi a = b = c — \/3- Q 

Bai 7 (De chon doi tuyen chuyen Nguyen Du - Dak Lak lan 1 - 2016). 


Vdi ba so thuc ditOng a, b, c thoa man abc = 1. Chting minh rang: 

1 1 1 

- 1 - 1 -< 1 

2 + a 2 + 6 2 + c 

LCi Giai. 

Cach 1: 

Sii dung danh gia: - — --h - > —-r- Khi do: 

3 2 + ° 6 2 (air + ot * l) 

1 

(cV + C V + l) 


1 


1 


1 


1 . . 1 1 \ 1 > 1 

\2 + a 2 + 6 2 + c) 2 ~2 + a if + i j (6ir + 6^ + lj 

SnC dung Bo de vdi x,y,z dudng thoa xyz — 1 thi: 


x 2 + x + l + y 2 + y + l + z 2 + z + l ~ 1 
ta dude dieu phai chhng minh. 

Cach 2: (Ngo Trung Hieu) 

BDT da cho tUdng dudng: 

a 6 c . „ 

-1-1-> 1 

a- 1-2 6 + 2 c + 2 — 

Theo BDT Cauchy - Schwarz, ta co: 

a 6 c (V^ + Vb + Vcj 

-1-t-> -- — 

0+2 6+2 c +2 6 + 0 + 6 +c 


Do vay ta chi can cluing minh 


('\fa + Vb + y/cj 

6 + o + 6 + c 


> 1 
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hay 

Vab + Vbc + \fca > 3 

Dieu nay hien nhien dung theo BDT AM - GM ket hop vdi dieu kien abc = 1 nhu sau: 
Vab + Vbc + Vca > 3 Vabc = 3 

Ta co dieu can chilng minh. Dang thUc xay ra khi va chi khi a = b — c — 1. 

Cach 3: 

BDT dtfOc viet lai la: 


1 


1 


1 


- < 1 


2 + a 2 + b 2 + c 

a b Gy. 1 

^4 + 2a + 4 + 26 + 4 + 2c “ 2 


Vi so 4 la van de tao nen kho khan nen ta thay 


(a, b, c) - 


a b ’ c 


Khi do BDT trd thanh: 


1 111 
4a + 2 + 46 + 2 + 4c + 2 “ 2 


Vi abc = 1 nen ton tai x, y, z sao cho: 


Vay nen BDT can cluing minh la: 


x 2 y 2 ^ 1 

- 1 --- 1 -> - 

4 yz + 2x 2 4 zx + 2 y 2 4 xy + 2 z 2 2 


Theo BDT Cauchy ta dupe: 


(x + y + zf 


Ayz + 2x 2 4 zx + 2 y 2 4 xy + 2 z 2 4 (xy + yz + xz) + 2 (x 2 + y 2 + z 2 ) 

Vay ta can cluing minh : 

(■x + y + zf 1 


4 (xy + yz + xz) + 2 (x 2 + y 2 + z 2 ) 2 

BDT tren la hien nhien vi no la dang thUc. 

Cach 4: (Quoc Htfng) 

BDT da cho tUdng duong vdi: 

2 (a + b + c) + (ab + be + ca) + 12 < 

(a + 2) (b + 2) (c + 2) 

4 (a + 6 + c) + (a6 + 6c + ca) + 12 < abc + 2 (ab + bc+ ca) + 4 (a + 6 + c) + 8 
4 < a6 + be + ca + abc 
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BDT tren dung theo AM - GM ket hdp vdi abc = 1. 

Cach 5: 

Khong mat tmh tong quat ta gia sii a > b > c. Ta chttng minh: 

1 1 11 2 
a + 2 6 + 2 c + 2 a + 2 yfbc + 2 

That vay, BDT tren tuong duong: 

1 1 2 
6 + 2 c + 2 y/bc + 2 

+> (6 + c + 4) (Vte+2^ < 2 (6c+ 26 +2c+ 4) 

+> (6 + c) Vbc + \\fbc < 26c + 26 + 2c 

Vbc(Vb — y/cj <2^Vb—y/c^ 

BDT tren hien nhien dung do be < 1. 

Vay ta chi can chtfng minh : 

1 2 < 1 
a + 2 y/bc + 2 

be 2 

<+> -Hr # - < 1 

1 + 26c + 2 

6c\/6c + 66c + 2 

<+>- 7 -r- < 1 

(1 + 26c) (\/&c + 2j 

+> 6c\/6c + 66c + 2 < 2 + Vbc + 26c + iVbc 
+> 6c\/6c + 46c < bVbc 

BDT cuoi hien nhien dung vi be < 1. □ 

Bai 8 (De chon doi tuyen Tinh Dak Lak lan 1 - 2016). 

Tim so duong k Idn nhat sao cho BDT sao luon dung 

(a + 6 + c) (-^- 7 -^— + —- k] >k 

\a+b b+c c+a J 

vdi moi a, 6, c la cac so thuc khong dm thoa man a + 6 + c = ab + 6c + ca. 
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Ldi Giai. 

• Vdi o = 6 = 2, c — Ota dtfdc: 

Ta se chilng minh k = 1 la so duong ldn nhat thoa de BDT de bai luon dung 

• Ta can chtSng minh : 

(o + b + c) (-— + 7 - 1 - 1 ] > 1 

\a+b b+c c+a J 

Dat p = a + b + c = ab + bc + ca = q BDT dude viet lai la: 

p \ p 2 + q-(pq-r) l > 1 
l PQ~ r 

-(e) 2 ' 


p > p — r 


BDT cuoi cung la hien nhien vi a, b, c khong am. Dang thtic xay ra khi va chi khi a = b = 
2, c = 0 va cac hoan vi cua no. 


Vay k = 1 la gia tri can tim. 

Bai 9 (De thi chon doi tuyen Nguyen Du (Dak Lak) vong 2). 


Vdi ba so thttc a , b, c thudc doan [0; 1]. ChUng minh rang: 


+ „ , „ , i + „ , u , i + “ a )( X “ W 1 - c ) ^ 1 


b+ c+l c + o + 1 o + 6+l 


Ldi Giai. 

Cach 1: (diendantoanhoc.net) BDT da cho tUdng dudng: 


/(a) = --+ (1 - a)(l - 6)(1 - c) - 1 < 0 

v ; 6 + c+l c + a + 1 a + 6+1 v ’ 


f ^ (c + o + 1) 3 + (a + 6+1) -° 


Do vay: 


/(o) < max {/ (0); / (1)} 
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• /( 1 ) = 


1 

b + c+l 


b c 6(6 + 2) (6 —1)+ c(c-1) (c + 2) 

c + 2 6 + 2 (6 + c + 1) (6 + 2) (c + 2) 


BDT dtfdc chilng minh. 

Cach 2:(diendantoanhoc.net) Khong mat tinh tong quat ta gia sil a > 6 > c khi do: 
a 6 c < a 6 c ^ 1 — a 

6 + c+ l c + a + 1 a + 6 +1 6 + c+ l 6 + c+ l 6 + c+ l 6 + c+ l 

Vay ta can chilng minh: 

(1 -a)(l- 6 )(l-c)<+^_ 

+>■ (1 — 6) (1 — c) (6 + c + 1) < 1 
Theo BDT AM- GM ta lai co: 


(1 - 6) (1 - c) (6 + c + 1) < 


^l-6+l-c + 6 + c+l^ 3 


= 1 


BDT dude cluing minh xong. □ 

Nhan xet: 


• Neu thilc hien tildng til xet ham cho bien 6, c nhit da lam cho a thi ta chi can chdng minh : 


f(x,y,z)~ 1 < 0 


vdi x , y, z la 0 hoac 1. 


• Ky thuat tren dua vao tinh chat cua ham so loi, lorn. Ma don cii la ham so bac nhat 
(cung co tinh chat tildng til vay mac du khong la ham loi hay lorn) va ham so bac hai 
(Co the tham khao bai viet ” Mot tinh chat thu vi cua tarn there bac hai va nhi thilc bac 
nhat - Vo Quoc Ba Can ” THTT - so 444,). 


Bai 10 (De kiem tra doi tuyen toan chuyen Bao Loc lan 2-2016). 


Vdi ba so thiCc diCdnq x , u, z thoa man - + - + - = 
x y z 


3. ChiCng minh rang: 


x 4 + 1 + 2 xy y 4 + 1 + 2 yz z 4 + 1 + 2 zx 4 


Lch Giai. 

Cach 1: (Ngo Trung Hieu) 

Ta co: 

x I V 

x 4 + 1 + 2 xy y 4 + 1 + 2 yz 


z 4 + l + 2zx ~ 2x 2 + 2xy 2y 2 + 2 yz 2 z 2 + 2 zx 


1 ( 1 + _J_ 1 \ 

2 \x + y y + z z + x) 


< 1 / i 1 1 \ 1 /1 1 

“ 4 Vv^ \[yz Vzx) - 4 + y 


3 
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Cach 2: 

Ap dung BDT AM - GM ta drfdc: 

1 1 1 < 1 1 1 < 1 
x 3 + | + 2 y y 3 + i + 2z z 3 + \ + 2x ~ 4 ^Jxy 4^/yz 4y/zx ~ 4 


1 1 1 

—I-1— 

x y 


3 

4 
□ 


Bai 11 (De kiem tra doi tuyen toan chuyen Bao Loc lan 3-2016). 

Vdi ba so thuc a,b,c G (0; 1). Chting minh rang: 

(o — a 2 ) (b — b 2 ) (c — c 2 ) > (a — 6c) (6 — ca) (c — a6) 

Lch GlAl. Ta chi can chrfng minh BDT trong trUdrig hdp 

{ a>bc 
b> ca 
c> ab 

Khi do BDT can chimg minh la 

a 2 b 2 + b 2 c 2 + c 2 a 2 + abc (ab + bc + ca) > abc (a 2 + b 2 + c 2 + a + b + c) 

Bien doi kheo leo ta thay 2 ve ghep lai la cac hang dang thhe, do do BDT tren ditdc viet lai la: 
^ [a 2 (b — c) 2 + b 2 (c — a) 2 + c 2 (a — b ) 2 ] > ^a6c [(a — 6) 2 + (b — cf + (a — c) 2 ] 


i [a (a - be) ( b — c) 2 + b (b — ca) (c — a) 2 + c (c — ab) (a — b) 2 ] > 0 
BDT tren hien nhien dung. Dang thitc xay ra khi va chi khi a = b = c. □ 

Nhan xet: Qua bai giai tren bang phep bien doi tUdng dudng ta thay bai toan sau cung dung: 
Vdi ba so thuc dudng a, b , c Idn hdn 1. ChvCng minh rang: 

(a 2 — a) ( b 2 — b) (c 2 — c) > (be — a) (ca — b) (ab — c) 


Bai 12 (De chon dpi tuyen Binh Dudng 2016). 


Cho x,y,z la cac so thuc duong thoa man x 3 + y 2 + z = 2\/3 + 1. Tim gia tri nho nhat cua: 

„ 1 1 1 

P = - I-2 ”*■ ~3 

x y z z 6 


Ldl GlAl. Ta se chon diem rdi gia dinh la x — a; y = 6; z — c khi do: 



1 . « > 5 

y 2 b 4 b 2 


1 

z 3 


3z 4 
c 4 — c 3 
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11 l (x* y 2 3z\ 4 2 4 

x y 2 z 3 \ 3a 4 b A c 4 y — 3a 3 b 2 c 3 


Vay ta can chon a, b , c sao cho: 

a 3 + 5 2 + c = 2\/3 + 1 


3a 4 = 6 4 = - 


> ja = 1; b = v^3; c = \/3 


Khi do 


„ 1 1 1 , 4\/3 

-P — —I—^ > 1 H- 7 — 

x y 2 z 6 9 


Vay GTNN cua P la 1 + dat drfdc khi x — 1; y — -\/3; 2 ; = \/3- 
Bai 13 (De chon doi tuyen chuyen Le Quy Don Da Nang). 


Vdi bon so three a , b, c, d thoa man ab = c 2 + 4d 2 = 4. Chting mink rang: 

(■a - c) 2 + (b - d) 2 > ~ 


Lcll GlAl. (http://artofproblemsolving.com/) 

Th gia thiet ta drfdc: 

( b — - 

a =4> -1 < d < 1 

c 2 = 4 (1 - d 2 ) 

Vay nen ta chi can cluing minh hai BDT sau luon dung: 

f a 2 + ^ + 4 (l — d 2 ) + d 2 + 2ay / 4 (1 - d?) - — 

[ a 2 + ^ + 4 (l - d 2 ) + d 2 - 2ay / 4 (1 - d 2 ) - ^ ^ 

{ 5a 4 + 12a 2 - 15d 2 a 2 + 20 a 3 VT^d? - 40 da + 80 > 0 
5a 4 + 12a 2 - 15d 2 a 2 - 20a 3 VT^d? - 40 da + 80 > 0 


3(a 2 + yax^^) + 165 (y-n) +2 (° 2 "f) + ^-° 


( 1 10 n -bV ( ad 4 V ( 1 16\ 128 

3 (“ -T“' /r3T ) + 165 (t“Ti) +2 (“ “V + W~° 

Hai BDT cuoi luon dung nen BDT de bai dUOc cluing minh. Dang thilc khong the xay ra tile 
(a - c) 2 + (b-d) 2 > ~ 

□ 
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Bai 14 (De thi chon dci tuyen tinh Quang Binh - Ngay thil 2). 

Cho a, b, c la do dai ba canh cua tarn giac va a > b > c. Chting minh rang: 

\]a(a + b — Vab ) + yjb(a + c— yfac) + c{c + b— Vbc) > a + b + c 

LcJi Giai. 

Cach 1: (MathUniverse) 

Dat a = x 2 ,b = y 2 ,c = z 2 khi do BDT trd thanh: 

f(y) = x\Jx 1 — xy -\-y 2 + yVx 2 — xz + z 2 + zyjy 2 — yz + z 2 — x 2 — y 2 — z 2 > 0 
Ta thay: 


f"(y) = ' 


3x 3 


3z 3 


4 (x 2 — xy + y 2 ) 2 4(z 2 — zy + y 2 )~‘ 


Th dieu kien x>y>z ta dUOc 


x z — xy + y 2 > -x 2 
y 2 - yz + z 2 > z 


do do: 


Vay f(y) la ham lom the nen: 




nv)<\/'?+ 4 - 2<0 


/ (y) > min {/ (y = x), f (y = z)} 

• f (x) — (x + Z ) y/x 2 — xz — z 2 — x 2 — z 2 
Ta co 

{x + z) Vx 2 - xz + z 2 >x 2 + z 2 
^(x + zf (x 2 -xz + z 2 ) > (x 2 + z 2 ) 2 
^(x + z) (x 3 + z 3 )>(x 2 + z 2 ) 2 
do vay / (x) = (x + z) y/x 2 — xz + z 2 — x 2 — z 2 > 0 

• Tudng tU / (z) = {x + z) y/x 2 - xz + z 2 - x 2 - z 2 > 0 

Vay bai toan dude chhng minh. 

Cach 2: (MathUniverse) 

Vi a,b,c la dd dai ba canh cua tarn giac va a > b > c nen ta cc: 

a — yfab + b> c — yfca + a>b — Vbc + c 
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\J a(a — Vab + b ) + \J b(a — \fac + c) + \j c(b — Vbc + c) 
> ^ b(a — Val 


a — \[ac + c) + V a{b — Vbc + c ) 


2 a(a — Vab + b) + \Jb(a — Vac + c) *§*^c(6 — Vbc + c)^ 

— (v / ® + \fa-~V^+~b = \j (Va + 'fb'j ( 02 +62^ 


> ^ ' (a + 6) — 2 (a + b + c) 

Cach 3: Vo Quoc Ba Can 

Dat a = x 2 ,b = y 2 , c = z 2 khi do BDT trd thanh: 

xVx 2 — xy + y 2 + yVx 2 — xz + z 2 + zVV 2 ~ yz + z 2 > x 2 + y 2 + z 2 


Theo BDT Cauchy ta co: 


V% 2 ~ xy + y 2 = 


V(x 3 + y 3 ) (x + y) x 2 + y 2 


x + y 


x + y 


Vay ta chi can ehtfng minh: 

x {x 2 + y 2 ) + y ( x 2 + z 2 ) ( ^(y 2 + z 2 ) 


>*? + »* +a 2 


x + y x + z y + 2 

x (x 2 + y 2 ) - x 2 (x + y) y (x 2 + z 2 ) - y 2 (x + z) z (y 2 + z 2 ) - z 2 (y + z) . 


x + y x + z 

xy (y - s) xy (x - y) + yz (z - y) yz (y - z) 


V + z 


x + y 


+ ————- + 0 

x + z y + 2 ; 


_ xy (x - y) (y - z) , yz (y - z) (x - y) n 

W- 1 -7-77- 7 — / U 

x + y (x + z) (y + z) 

BDT cuoi hien nhien dung do x > y > z. □ 

Nhan xet: Qua ldi giai 1 va 3 ta thay bai toan dung vdi ba so thuc ducing a, 6, c thoa man 
a > b > c. Rieng each 2 mot each cluing minh rat tinh te nhung phai them gia thiet a, b, c la 
ba canh cua tarn giac (day la bai trong de TST 2013 cua Iran). 
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Bai 15 (De thi chon doi tuyen tinh Hoa Blnh). 

Cho a, b, c la cac so thuc diKJng co tick bang 1. x. y. z la cac so thUc. Chting mink rang: 
x 2 {a + b) + y 2 (b + c) + z 2 (c + a) > 2 (xy + yz + zx) 

LcJi Giai. 

Cach 1: (diendantoanhoc.net) 

Ap dung BDT Cauchy ta dupe: 

(J2 x 2 (a + 6 + 1)) (£ >(x + y + *f 

Vay nen ta chi can chhng minh: 

1 1 1 

-1-1-< 1 

a b 1 b + c+1 c + o + 1 

Ta lai co: a + b > \fa?b + \/ab 2 (tUOng tit cho cac hang tut con lai) nen: 

1 1 1 < 1 1 1 
a + b+1 b + c+1 c + a + 1 y/a?b + \fcdT +1 y/Wc+yfb(?+l \^a+\^co? +1 

_ \fb i 

\/a + \/b + \fc Vb+VE+yd tyc+ <yd+ \/b 

Cach 2: Ta se chtSng minh mot BDT manh hdn nhu sau: 

Neu a, b , c, x, y , z la cac so thuc duong thi BDT sau luon dung: 

9/ 9 . 9/ . . . Iab+ be + ca 

x 2 (a + b) + y 2 (b + c) + z 2 (c + a) >2 {xy + yz + xz) y--- 

Do BDT la thuan nhat vdi x, y, z va a, b, c nen ta chuan hoa nhu sau: 

f xy + yz + xz — 3 
a+b+c =1 


Khi do BDT can chufng minh la: 


x 2 (1 — c) + y 2 (1 — a) + z 2 (1 — b) > 2y/3(ab + be + ca) 

2 _ 2 u 2 2 

^ y + y + ~2 - \/3(o6 + be + ca) + — + — + — 
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Ta co: 

V 3( n 6 + 6c + a,) + ^ + ^ + ^ 


< 


3 ( ab + bc + ca) 


3 (oft + ftc + ca) + V tta + 62 + e2 _ 




2 



Vay ta chi can cluing minh: 





+ 



„ . 3 x 2 y 2 z 2 

— + - <-h — H - 

2 2“2 2 2 


4* x 2 y 2 + y 2 z 2 + z 2 x 2 > 3 


BDT cuoi cung hien nhien dung do xy + yz + xz = 3. Ta cluing minh xong ket qua tren. 

Quay trd lai bai toan: Khong mat tinh tong quat ta chiing minh cho x, y, x la cac so thuc duong. 

_ ,, x , . . , lab + bc + ™ 

Ta chi can chUng minh: y--— 

abc = 1. 


> 1 BDT nay hien nhien dung do gia thiet bai toan 


□ 


Nhan xet: 


• Ket qua tren ta lien tudng den mot BDT kha quen thuoc: 

- (a + b) H- (b T c) H- (c + u) > sj 3 (ab + be + ca) 

y+z z+x x+y 


Cach cluing minh tUOng tit chi can chi ra: 

xy _^_ yz _^_ zx > 3 

(y + z)(z + x) (z + x) (x + y) (x + y) (y + z) ~ 4 
^ xy (x + y) + yz (y + z) + zx (z + x) > 6 xyz 

• Qua bai tren ta dude mot bo de sau: 

3 

Neu x, y, z, a, b, c la cac so thuc diCctng thoa man xy + yz + xz > - thl BDT sau ludn 
dung: 

x (a +b) + y (b+ c) + z (c+ a) > (ab + bc + ca) 


• Cung tif bai giai ta cung co mot BDT manh hdn ntta nhrf sau: 

Neu a,b,c,x,y, z la cac so thuc ditdng thi BDT sau ludn dung: 

x 2 (a+b) + y 2 (b+ c) + z 2 (c+ a) > 2y/(x 2 y 2 + y 2 z 2 + z 2 x 2 ) (ab + bc+ ca) 
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Bai 16 (De thi chon doi tuyen tinh Ha Tlnh). 

Cho a, b, c la cac so thuc duong thoa man a 5 + b 5 + c? = 3. C'hiing minh rang: 
_ a% 6 + & 6 c 6 + c 6 a 6 < 3 _ 

Ldi Giai. 

Cach 1: 

Vi ham so f (t) — \ft la ham lorn nen: 

+ 6 5 V&V 5 + c 5 VdW < (a 5 + 6 5 + c 5 ) 

<+> Va% 6 + b 6 c 6 + c 6 a 6 < \/3 


+> a 6 b 6 + b 6 c 6 + c 6 a 6 < 3 

Cach 2: (diendantoanhoc.net) Theo BDT AM - GM ta co: 

cC’tP (a!* + ii* + 1 + 1 + l) + 5a 6 5 6 
Tuong til cho b 6 c 6 , c 6 a 6 ta dUdc: 

5 (a 6 b 6 + b 6 c 6 + c 6 a 6 ) < a 5 6 5 (a 5 + fc 5 ) + 6 5 c 5 (& 5 + c 5 ) + c 5 a 5 (c 5 + a 5 ) + 3 ( a 5 b 5 + 6 5 c 5 + c 5 a 5 ) 
5 (a 6 b 6 + & 6 c 6 + c 6 a 6 ) < 3 ( a 5 b 5 + 6 5 c 5 + c 5 a 5 ) + ( a 5 b 5 + & 5 c 5 + c 5 a 5 ) (a 5 + 6 5 + c 5 ) - 3aW 


& 5 (a 6 b 6 + b 6 c 6 + c 6 a 6 ) < 6 ( a 5 b 5 + 6 5 c 5 + c 5 a 5 ) - 3aW 
Do vay ta chi can cluing minh: 


ma 


6 (a 5 b 5 + 6 5 c 5 + c 5 a 5 ) - 3aW < 15 


a h b\ 


(a 5 + b 5 + c 5 ) [4 (a 5 6 5 + 6 5 c 5 + c 5 a 5 ) - (a 5 + b 5 + c 5 ) 2 ] 
9 


4 (a 5 & 5 + 5 5 c 5 + c 5 a 5 ) - 3a W < (a 5 + 6 5 + c 5 ) 2 = 9 
Vay nen ta chi can cluing minh 

a 5 b 5 + b 5 c 5 + c 5 a 5 < 3 

Nhung day lai la ket qua hien nhien do a 5 + b 5 + c 5 = 3. 

Vay BDT dude chiing minh. Dang thiic xay ra khi va chi khi a = b — c = 1. 
Chung ta con mot each niia nhung trUdc het la nhan xet ve bai toan 


□ 
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Nhan xet: 

• Mot bai titdng tit: Vasile Citoaje GM-A 2003 

Cho a,b,c la cac so thilc ditong thoa man a 3 + b 3 + c 3 = 3. Chting minh rang: 

a 4 b 4 + b 4 c 4 + c 4 a 4 < 3 


• Tong quat hdn: 7 

Cho a, b, c la cac so thuc ditong thoa man a n + b n + c n = 3, vdi n la so tit nhien ldn hon 
1. Chvtng minh rang: 

a n+ 1 b n^, f _ b n+l c n+l + c n+l fl n+l < 3 


Qua trd lai bai toan. Ta co 


f(k) = 


f a k b k + b k c k + c k a k \ k 


la ham tang. Do do neu vdi gia thiet cac so a, b, c ducing thoa a 5 + b 5 + c 5 = 3 ta se dat ra cau 
hoi vay thi so r ldn nhat de 


a r b r + b r c r + c r a r 


< 1 a r b r + b r c r + c r a r < 3 


se co gia tri la bao nhieu? 

Cach 3: 8 Thay vi cluing minh bai toan ta se di tim so r ldn nhat de 
a r b r + b r c r + c r a r < 3 


[3 m 

i a = )J 2> b = y - — £,c= re t a can 


©a-) « 


Cho £ —y 0^ ta can co: 


' Ta se chiing minh vdi r = 


9\s 5 In 3 

i) - S In9-ln4 


- > 6 thi BDT sau luon dung: 


In 9 — In 4 ' 

a r b r + b r c r + c r a r < 3 


Khong mat tinh tong quat ta gia snf a > b > c va dat 

/ (a, b, c) = a r b r + b r c r + c r a r 


7 Cach cluing minh hoan toan tiTdng tit vdi chu y: 

4 ( a n b n + b n c n + c n a n ) — 3a n b n c n < (a n + b n + c ") 2 = 9 


8 Tham khao ttc ’’Algebraic Inequalities - Old and New Methods - Vasile Cirtoaje” 
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+ Ta cluing minh: 


f<IW) 


a r b r + b r c r + c r of < t r + 2 t r c 1 

a r b r + b r c r + c r a r < t 2r + 2 t r c r 
a r b r + ( b r + af — 2 t r ) c r < t 2r 


Ta lai c6: 

2 t r <b r + af 
c r < Va r b r 


a 5 — If \ 5 a r + b r 

2 / “ 2 


r < v / a r 6 r 


a 5 + 6 5 


c r < Va r b r 


BDT cuoi luon dung do do ta can chhng minh: 

a r b r + {If + a r — 2 t r ) Va r b r < t 2r 


(f + Va r b r ^j > 2 a r b r + ( b r + of ) Va r b r 
<3- (t r + Va r b r ^j > Va r b r i^/of + Vb^j 


a r + b r 
2 


Vi 


+f _ ( ff+ff ) > 0 


.. ( (^ L ° + (^) 1 ^ > | W + (A)' 


- \ 2 j 

BDT cuoi dung do do: 


a r b r + b r c r + c r a r < t 2r + 2 t r c r 


# Ta can chhng minh: 


2r ( Ja 5 + b 5 In 3 \ 

t 2 + 2 1 c < 3 ; [ t=\ -, r = --—- 

l V 2 In 9 - In 4 / 
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Vi a 5 + b 5 + c 5 = 3 nen 


2r o,r r / o ^ ^+ C 5 

t + 2t c < 3 -—-A 


BDT tren la thuan nhat nen ta chuan hoa t = 1 (khi do c < 1). BDT can cluing 
minh la: 

Bang cong cu dao ham ta de dang cluing minh dupe g(c) la ham lorn, ket hop vdi 
g (1) = 0; hm g (c) = y In - In > 0. Ta dupe: 

Vay r = -—^- > 6 la so ldn nhat de BDT sau luon dung: 


" In9-ln4 ' 


a r b r + b r c r + c r a r 


Qua lai bai toan trong de thi cua chung ta. Tii ket qua tren ta dupe: 


a 6 5 6 + b 6 c 6 + c 6 a 6 ^ 6 < / a r b r + b r c r + c r a r . < ^ 


Ta dupe dieu phai chiing minh. 

Bai IT (De thi chon dpi tuyen tinh Dong Nai). 


Vdi ba so thiCc dudng a , b, c co tick bang 1. Chiing minh rang: 


3 ^ 


I b + c V a + c V a + b Va 3 + b 3 + c 3 + 3 


Lcli Giai. 

Cach 1: Theo BDT AM- GM, ta chi can chiing minh : 


3\/3 


\ y (a + b) (b + c) (c + a) Va 3 + b 3 + c 3 + 3 


Tile la: 


(o 3 + b 3 + c 3 + 3) 3 > 27 (a + b) (b 4- e) (c + a) 

BDT tren la hien nhien vi theo BDT Schur ta co: 

(a 3 + b 3 + c 3 + 3) 3 = (a 3 + b 3 + c 3 + 3abcf > [ab (a + b) + be (b + c) + ca (c + a)] 


> |^3 ^/a 2 b 2 c 2 (a + b) (b + c) (c + a) j = 27 (a + b) (b + c)(c + a) 

25 

THPT chuyen Nguyen Quang Dieu 






















Nguyen Tuan Anh 


Dang thdc xay ra khi a = b — c = 1. 

Cach 2: Tudng tU nhu tren ta can cluing minh: 

(c : 3 + b 3 + c 3 + 3) > 27 (cl + 6) (6 + c) (c + cl) 

Ta co: 

a 2 b 2 

T + - + i>a + 6 

do do: 

(a 2 + b 2 + c 2 + 3) > [2 (a + b + c)] 3 > ^3-^/(a + b) (b + c) (c + a)J = 27 (a + &) ( b + c) (c + a) 
Vay ta chi can cluing minh: 

a 3 + 6 3 + c 3> a 2 + 6 2 + c 2 


Theo BDT AM - GM ta co: 

(a 3 + a 3 + 1) + (b 3 + b 3 + 1) + (c 3 + c 3 + 1) > 3a 2 + 3 b 2 + 3c 2 
a 2 + b 2 + c 2 > 3 

Vay BDT dude cluing minh dang thiic xay ra khi a — b — c — 1. 

Cach 3: Ta cluing minh mot ket qua manh hdn nhu sau: 

I ° ^ ^ > 3\/3 

V b + c V a + c V a + b ~ y/ a + b + c + 3 

Ap dung BDT Holder ta co: 

2 

[a 2 (b + c) + b 2 (c + a) + c 2 (a + 6)] > (a + b + c ) 3 

Vay nen ta chi can cluing minh: 

( a + b + c ) 3 > 27 ^ (b + c)+b 2 (c + a) + c 2 (a + b)} 
cl + b + c + 3 

44 (cl + b + c) + 3 (a + b + c) 3 > 27 [cl 2 (b + c) + b 2 (c + cl) + c 2 (cl + 6)] 

Theo BDT Schur ta co: 

(cl + b + c) 3 — 3 > 4 | cl 2 (b + c) + b 2 (c + cl) + c 2 (cl + 6)j 



nen ta chi can chiing minh : 

(a + b + c) + 3(a + b + c) 3 > — [(a + b + c) 3 — 3] 

44 4 (a + b + c) 4 - 15(a + b + c) 3 + 81 > 0 
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Xet ham so f (t) = 4 t 4 — 15 1 3 + 81 vdi t > 3 ta co: 

f (t) = 16 t 3 -45 t = t (16 t 2 - 45) > 0 

do vay: 


Tom lai: 


4(a + b + c) 4 - 15(a + b + cf + 81 > 4.3 4 - 15.3 3 + 81 = 0 


3\/3 


V b + c V a + c M a + b \J a + b + c + 3 
Ap dung ket qua vha chilng minh ta d§ dang hoan thanh bai toan. 
Nhan xet: Qua bai giai tren ta dupe ket qua sau: _ 


3\/3 


3\/3 


I b + c V a + c V a + b y/ a + b + c + 3 \/2(a+ b + c) 

. 3v^3 


3-\/3 


\Jo? + b 2 + c 2 + 3 \/ a 3 + b 3 + c 3 + 3 


Bai 18 (De thi chon doi tuyen tinh Quang Tri - Vong 2). 

Vdi ba so thiCc khong am x,y,z co tong bang 2. Chting minh rang: 

x 2 y + y 2 z + z 2 x < x 3 + y 3 + z 3 < 1 + ^ (x 4 + y 4 + z 4 ) 

Lcii Giai. 

Cach 1: 


• Ta chhng minh: x 2 y + y 2 z + z 2 x < x 3 + y 3 + z 3 . Theo BDT AM - GM ta co: 

{ x 3 + x 3 + y 3 > 3 x 2 y 
y 3 + y 3 + z 3 >3y 2 z 
z 3 + z 3 + x 3 > 3 z 2 x 

Cong theo ve ta dupe dieiu phai chilng minh. Dang thile xay ra khi va chi khi x = y — z. 
• Ta chhng minh: x 4 + y 4 + z 4 + 2 > 2x 3 + 2y 3 + 2z 3 
Khong mat tinh tong quat ta gia snf x > y > z 


+ Neu x < 1. 

Khi do ham so 

/ (x) = x 4 - 2x 3 

co f"(x) < 0 va (1,1,0) >- (x, y, z) do do: 

(x 4 - 2x 3 ) + (y 4 - 2y 3 ) + (z 4 - 2z 3 ) > (-1) + (-1) + 0 = -2 
BDT dupe chilng minh. 


27 


THPT chuyen Nguyen Quang Dieu 

















Nguyen Tuan Anh 


+ Neu x > 1. Khi do ton tai e > 0 sao cho x = l+ £vhy + z = l — e. 
Ta lai co ham so 

f(y) = y 4 -2y 3 

co f"{y) < 0 va (1 — e, 0) >- (y, z) nen: 

(y l - 2y 3 ) + (z‘ - 2z 3 ) > (1 - £ ) 4 - 2(1 - e) 3 
Vay ta chi can cluing minh: 

(1 + e) 4 - 2(1 + e) 3 + (1 - e ) 4 - 2(1 - ef + 2 > 0 
The nhung BDT tren la hien nhien vi: 

(1 + s) — 2(1 + e) 3 + (l — s) — 2(1 — e) 3 + 2 = 2e 4 > 0 
Vay khi x > 1 thi 

x 4 + y A + z A + 2>2x 3 + 2 y 3 + 2z 3 


BDT thit 2 dude cluing minh. Dang thiic xay ra khi va chi x = y = 1, z = 0 va cac hoan 
vi cua no. 

Cach 2: 

• Chiing minh x 2 y + y 2 z + z 2 x < x 3 + y 3 + z 3 nhu tren. 

• Ta chiing minh: x 4 + y 4 + z 4 + 2 > 2x 3 + 2y 3 + 2z 3 . 

Ta dat: 

{ q = xy + yz + zx 
r — xyz 

BDT dude viet lai la: 

16 - 16g + 2q 2 + 8r + 2 > 2 (8 - 6q + 3r) 

& 2q 2 - Aq + 2r + 2 > 0 
2(q-lf + 2r > 0 

BDT cuoi hien nhien dung. Dang thiic xay ra khi va chi khi x = y = l,z = 0v& cac hoan 
vi cua no. 


□ 
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Bai 19 (De thi chon doi tuyen tinh Thanh Hoa - Vong 2). 


Vdi ba so thiCc dicing x , y , z thoa man x + y + z — — + - + -• Chting minh rang: 

x y z 


2 + 


(2 xy + yz + zx) 2 (2 yz + zx + xy) 2 (2 zx + xy + yz) 2 16 x 2 y 2 z 2 


Ldi GiAi. 

Cach 1: 

Quan sat gia thiet bai toan ta thuc hien thay 
(x, y, z) -+ 


BDT can cluing minh duoc viet lai la: 

1 1 13 

(2 x + y+z) 2 (2 y + z + x) 2 (2 z + x + y) 2 ~ 16 

Ta lai co: 

1 1 1 

(2 x + y + zf (2y + z + xf (2 z + x + y) 2 

i r i i i 

“ 4 [(z + j/) (x + z) + (y + z) (y + x) + (* + *) 0 + y). 
Vi vay ta chi can cluing minh : 

1 1 1 < 3 

(x + y)(x + z) (y + z)(y + x) (z + x)(z + y) “4 

3 (x + y) (y + z) (z + x) >8 (x + y + z) 

<*=> 3 [(x + y + z) (xy + yz + zx) - xyz] >8 (x + y + z) 

\(x + y + z) (xy + yz + zx) - xy + yz + >8 (x + y + z) 

[ x+y+z J 

^ 3 (xy + yz + zx) [(x + y + z) 2 — l] > 8(x + y + z) 2 


Ta lai co: 

[xyz (x + y + z)] 2 — (xy + yz + zx) 2 > 3xyz (x + y + z) =+■ xy + yz + zx = xyz (x + y + z) >3 
nen ta chi can cluing minh: 

9(x +y + z) 2 - 9 > 8(x + y + z) 2 
<+(x + y + z) 2 > 9 
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Dieu nay la hien nhien vi x + y + z > 3. Bai toan dude dicing minh, dang thtfc xay ra khi 
x — y = z — 1. 

Cach 2: 9 

Lap luan tUdng tU nhu tren ta can chdng minh: 

3 {x + y) (y + z) (z + x) > 8 {x + y + z) 

Theo BDT AM- GM ta co: 


x 2 y + x 2 z + y 2 z + y 2 x + z 2 x + z 2 y > 6xyz 


9 (x + y) (y + z) (z + x) > 8 (x + y + z) (xy + yz + zx) 


Vay nen ta chi can chitrig minh 


xy + yz + zx > 3 


BDT tren hien nhien vi: 

[xyz (x + y + z )] 2 — (xy + yz + zx) 2 > 3xyz (x + y + z) => xy + yz + zx = xyz {x + y + z) >3 

Bai toan dupe chhng minh . 

Cach 3: Ta can chitrig minh: 


1 



(2 x + y + zf 


Thuc hien bitdc dong bac hoa nhu sau: 
(x + y + zf 



(2 x + y + zf (2 y + z + xf (2 z + x + y)‘ 


Khi do ta chuan hoa x + y + z = 1 BDT can chrfng minh la: 



_3 fl 1 T 
16 + y^ z 


BDT tach bien nen ta co kha nhieu hudng de xU ly: 


• HUdng 1: 10 




9 Sau khi bien doi thi day la bai toan IMO Shortlist 2009 - Problem A2. Cach giai 2,3 drroc trich din trong 


day. 


10 Trich trong IMO Shortlist 2009 - Problem A2 
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Ap dung BDT Jensen cho ham lorn f(x) ta dupe: 


i+ c T 


(x + 1) 2 (y +1) 2 (*+l)' 

ax + by + cz 
a + b+ c 


< (a + b + c ) 


(A+ l ) 2 


trong do A ■ 

Chon a = —,b— —,c = - khi do A = - < 1 thoa man dieu kien de ap dung BDT Jensen 
x y z 3 

nen ta dupe: 


1 


1 


1 


< n 1 1 \ | 

(x + 1) 2 ' {y + lj 2 ' (if + lf ” + z )' (| + 1) : 


~-j^( x + y + z) 


Bai toan dupe chUng minh. 

' HitPng 2: (Vdi cac bai toan BDT co dang tach bien thi phuefng phap Tiep tuyen, he 
so bat dinh to ra kha hieu qua) Ta se tim mot danh gia: 

1 3 


(x + 1) 16x ' 


- < ax + b 


Vay nen bang bien doi tUdng dUdng ta de dang kiem tra dupe: 
1 


(x + l) 2 16x “ 32 32 

Lam tUdng tu vdi y, z cong lai ta dupe dieu phai chitrig minh. 


□ 

Mot sit trung hap ngdu nhien de chon doi tuyen tinh Ba Ria - Vung Tau cung co dang tUdng 
tit. 

Bai 20 (De thi chon dpi tuyen Tinh Ba Ria - Vung Tau). 

Vdi x, y. z la cac so thuc dUdng thoa man xyz = 1. ChUng minh rang: 

1 1 1 3 

(2 x + y + z) 2 (2 y + z + x) 2 (2z + x + y) 2 ~ 16 

Lcil GlAI. Ap dung each giai 1 va 2 ta de dang co dupe lPi giai. □ 
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Bai 21 (De thi chon doi tuyen Tinh Ba Ria - Yung Tau). 


Vdi x, y, z la cac so thzCc khdng am thoa man x 2 + y 2 + z 2 = 1. Cluing minh rang: 

(; x 2 y + y 2 z + z 2 x ) ( 1 H ^ H— ) < - 

1 VTT^J - 2 


Ldi Giai. 

Cach 1: Ta co: 


(x 2 y + y 2 , + , 2 *) 2 < (, 2 + Z/ 2 + ^ 2 ) (*V + 2/V + *V) (*V + y 2 z 2 + z 2 x 2 ) 


111 1 
= + ^== + ^== + 


A + x 2 y/1 + y 2 a /1 + * 


^/l + \fx 2 y 2 z 2 
2 


\/l + a/^P 


^ yxV: 

3 


1 ■ 1 ; + ^< 


' /1 + l2 v^ + s 2 VTT? ^ 1+ >/ 52^2 

Do vay ta chi can chtfng minh: 


3^V + ^ 2 + ^ 2 < 3 

^/l + \J~x 2 y 2 z 2 


1 + > 4 (: x 2 y 2 + y 2 z 2 + z 2 z 


Theo BDT Schur ta co: 


1 + 9 x 2 y 2 z 2 > 4 ( x 2 y 2 + y 2 z 2 + z 2 x 2 ) 


Do vay ta can chtSng minh : 


J J x 2 y 2 z 2 > 9x 2 y 2 z 2 


x y z < — 


BDT cuoi hien nhien dung vi 


> x 2 y 2 z 2 


Bai toan dude chhng minh. Dang thdc xay ra khi va chi khi x = y — z = —= 

a/3 

Cach 2: (artofproblemsolving.com & diendantoanhoc.net) 
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Ta co: x 3 + xy 2 > 2 x 2 y; y 3 + yz 2 > 2 y 2 z; z 3 + zx 2 > 2 z 2 x 
Do do 

x + y + z = (x + y + z) {x 2 + y 2 + z 2 ) >3 ( x 2 y + y 2 z + z 2 x 

• Hiding 1: Ta lai co: 


1 1 1 


r + / n = + / o ■ ; — A/ 3 _9 , T+ ' .9 , ■, + 


Vx 2 + 1 y/y 2 + 1 v / i F +T V + i y 2 + l z 2 + 1 
Vay nen ta can cluing minh: 


1 1 1 
r + o , , + o , , < - 


27 


x 2 + 1 y 2 + 1 z 2 + 1 4(x + y + z) 2 


x 2 y 2 z 2 27 

^ x 2 + 1 + t/ 2 + 1 + z 2 + 1 + 4(x + y + zf ~ 

Theo BDT Cauchy ta co: 

x 2 y 2 z 2 (.x + y + zf = (x + y + z) 2 

x 2 + 1 y 2 + 1 z 2 + 1 — x 2 + y 2 + z 2 + 3 4 


Do do ta can: 


BDT la hien nhien vi: 


<X + y A +z) + , - „ >3 

4 4(x + y + z) 


(x + y + z) + 9 > 3 

4 4(x + y + 2 :) 2 _ 2 


4(x + y + z) 2 2 


Bai toan dude cluing minh. 

' Hiidrig 2: Ta can cluing minh: 

x+y+z ( 1 


1 1 
7 + ^==T + - 


3 yy/1 + X 2 y/l + y 2 VT+^J 2 
Th gia thiet ta co: 0 < x, y, 2 < 1 nen ta di dang chiing minh diidc danh gia sau: 


1 3 5y/3 

F < 1-FT - 


y/l + x 2 8 


Vay nen ta can: 


x + y + z 


3 . , 15\/3 

- o (* + 2/ + z ) + —5— 


(x + y + z) 2 5^/3 , . 3 

» §— + —(x + v+z) < 5 

BDT cuoi luon dung do x + y + z < -\/3. Bai toan dtfdc cluing minh. 
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Cach 3: (artofproblemsolving.com) 

Theo BDT Vase 11 va BDT Cauchy ta co 

x 2 y + y 2 z + z 2 x < y/ ( x 3 y + y 3 z + z 3 ) (xy + yz + zx) 


(. x 2 + y 2 + z 2 ) (xy + yz + zx) I xy + yz + zx 




Mat khac ta co: 


/I + x 2 y/l + y 2 vl +‘ i 


1 + x 2 1 + y 2 1 + 2 


xy + yz + zx + x 2 xy + yz + zx + y 2 xy + yz + zx + z 2 


<4/3(7—:— 77 —:—7 + 


6(x + y + z) 


(x + y)( x + z) (y + z)(y + x) (z + x)(z + y)J \ (x + y)(y + z)(z + x) 

3y/3 


6 (x + y + z) 


1 | (x + y + z) (xy + yz + zx) 2 y/xy + yz + zx 

Vay nen ta chi can cluing minh: 

/ 


xy -\-yz + zx 3\/3 < 3 


3 ' 2y/xy + yz + zx 2 

Dieu do la hien nhien. Bai toan dtldc cluing minh. 

Bai 22 (De thi chon doi tuyen THPT chuyen Dai hoc Vinh ngay thii 1). 


Tim tat ca cac so thitc k sao cho bat dang thtic sau dung vdi moi so thuc a, b, c 

ab + bc + ca < ^ ^ + km&x {(a — b) 2 , (b — c) 2 , (c — a) 2 } < a 2 + b 2 + c 2 

Lcli Giai. 

Cach 1: 

• Dieu kien can: Chon a = 3, b = 2, c = 1. BDT da cho trd thanh: 

11 < 12 + 4k < 14 ^ > k > ~ 


11 Vdi moi so thuc x, y, z ta luon co: 

(x 2 +y 2 + z 2 ) 2 >3(x 3 y + y 3 z + z 3 x) 
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' Dieu kien du: Vdi moi k thoa man — > k > — - ta se chilng minh BDT de bai luon dung. 
Khong mat tmh tong quat ta gia sn ( a > b > c. BDT dtfdc viet lai la: 

. (a + b + c) 2 


ab + be + ca < - 


k# k(c — a) 2 < a 2 + b 2 + c 2 


3 (ab + bc + ca) < (a + b+ cf + 3 k(c — a) 2 < 3 (a 2 + b 2 + c 2 ) 


(a + b + c) 2 + 3 k(c — a) 2 > 3 (ab + bc + ca) 
(a + b + c) 2 + 3 k(c — a) 2 < 3 (a 2 + b 2 + c 2 ) 


(b — c) 2 + (6 k + 1) (c — a) 2 + (a — b) 2 > 0 
(b — c) 2 + (1 — 3 k) (c — a) 2 + (a — b) 2 > 0 


(b — c) 2 + (a — b) 2 > 


(a - c) 2 


Nen ta chi can chtfng minh: 


+ - J (c — af > 0 


_ 3k ) ( C _ °) 2 - 0 
Hai BDT cuoi luon dung vi - > k > —. 

Vay - > k > — - la cac gia tri can tim. 

Cach 2: (diendantoanhoc.net) 

• Dieu kien can: Chon a = 3, b = 2, c = 1. BDT da cho trb thanh: 

11 < 12 + Ak < 14 ^ > k > ~ 


< Dieu kien du: Vdi moi k thoa man ^ > k > — ^ ta se cluing minh BDT de bai luon dung. 
Khong mat tmh tong quat ta gia snf a > b > c. BDT ditdc viet lai la: 

ab + be + ca < ^ + k(c — af < a 2 + b 2 + c 2 
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Dat 


a — c + x 
b = c + y 


',(x>y> 0) BDT tren dtfdc viet lai la: 


y 1 2 — xy+ (3 k + 1) x 2 > 0 


y 2 - xy + ( 1 - -k ) x 2 > 0 


y 2 — xy + ^ x 2 + 3 (k + ^\ x 2 >0 


1 3 

y 2 — xy + -x 2 + - (1 — 2k) x 2 > 0 


y ~\x) + 3 + l) ^ - 0 


[y~+^(l~2k)x 2 >0 


Hai BDT cuoi luon dung vi - > k > — - 
Vay ^ > k > — ^ la cac gia tri can tim. 

Bai 23 (De thi chon HSG cap Tinh - Ben The). 


Vdi ba sd thuc dilcfng a, b , c. Tim GTNN cua bieu thtic: 

1344 2016 


P = 


a+ Vab + \fabc V a +#+ c 


Lcll GlAl. (Nguyen Minh Thanh) 

Ta co: 

f \a + b>\fab [ -a + b>Vab 


+ b + 4c > 3\fabc y -^a + ^ > 3\fabc 


Do do: 


1344 


2016 


> 2016 


a + Vab + \fabc Va + b + c \2(a + 6 + c) y/a + b + c 


2 + Vab + Vabc < - (a + b + c) 


1 1 


Ta lai co: 

1 1 1 1 — 2 Va + b+ c + (a + b + c) ( Va+b+c — l) ^ ^ 

2 (a + b + c) -\/a + b + c 2 2 (a + b + c) 2 (a + b + c) 
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Vay ta chide P > —1008. Dang thilc xay ra khi va chi khi a = —; b = —; c = — hay noi each 
khac GTNN cua P la —1008. □ 


Bai 24 (De thi chon HSG Tinh Quang Ninh - Ngay 1). 

Vdi ba so thuc dudng a , b, c thoa man (a +b) (b + c) (c + a) = 1. Tim GTNN cua bleu thtic: 
p _ Va 2 — ab + b 2 + \/b 2 — bc + c 2 + \/c 2 — ca + a 2 

Vab+1 Vbc+1 y/ca+1 

Lcli Giai. 


Ta co: 

Va 2 -ab + b 2 _ —fr) 2 + f (a 2 + fr 2 ) \J\ (a 2 + b 2 ) ( a + b) 

s/ab+1 s/ab+1 s/ab+1 a + b + 2 

De ddn gian ta dat x = a + b, y = b + c, z = c + a. Khi do ta co: 


P> ^ + — 

x+ 2 y-\ 


(. x, y,z > 0; xyz — 1) 


• Hildfng 1: Ta du doan 

That vay: 


-+ +-> 1 

x+2 y+2 z+2~ 

x y z 

-+ —— +-> 1 

x+2 y+2 z+2~ 


_ 2 ( xyz + xy + yz + xz- 4) ^ 

(x + 2)(y + 2)(z + 2) ~ 

BDT cuoi hien nhien vi xyz = 1. Dang thhc xay ra khi va chi khi x — y — z = 1 hay 

a = b — c — - nen GTNN cua P la 1. 

2 


' Hildfng 2: Ta co: 


1 


(a — l) 2 a 3 


x + 2 x ~r + x ~r + 1 (a 2 - a + 1) (a 2 + a + 1) (a + 2) 

Ap dung tildng til cho y, z nen ta chide: 

1 1 1 


X 3 + X 3 - 4-1 y 3 + y 3 + 1 Z 3 + z 3 +1 

Ta sii dung Bo dl Vdi x, y, z la cac so thilc dildng co tich bang 1 thi BDT sau luon dung: 


1 1 1 

r H— z~, -—r + -—r > 1 


x 2 + x+l y 2 + y + 1 ^ 2 + ^+ l‘ 


Ta thu dildc: 


37 


THPT chuyen Nguyen Quang Dieu 



























Nguyen Tuan Anh 


' Hefting 3: Ta du doan 

Theo BDT Cauchy ta co: 


-^+^^ +-7T > 1 

x + 2 y -\- 2 z -\- 2 


x y z > (Vx+ y/y + y/z) 2 
x + 2 y + 2 z + 2 ~ x + y + z + 6 


Vay nen ta can co: 


\fx + \Jy + \fz > 3 

Dieu tren la hien nhien vi xyz = 1. 

' Hefting 4: 12 Du doan GTNN la 1 va ta can cluing minh: 

+ + 1 
x + 2 y + 2 .z + 2 

Vi zyz = 1 nen ton tai cac so there deTdng k, m , n sao cho: 


Khi do BDT detdc viet lai la: 


k m n 
x = —;y = —]z = - 
m n k 


k m n 

- +-— + ^^7- > 1 


k + 2m m + 2n n + 2k ' 


Theo BDT Cauchy ta detoc: 


k + m + n > (k + m + n) 2 ^ 


k + 2m m + 2n n + 2k [k + m + n) 
Ter do de dang hoan thanh bai toan. 


Bai 25 (De thi chon doi tuyen Tinh Bac Ninh). 


Vdi ba so thzCc ductng a, b , c thoa man a + b+ c= 9. Tim GTLN cua bieu tMc sau: 

ab be ca 1 


3a + 46 + 5c 36 + 4c + 5a 3c + 4a + 56 ^/ a b (a + 2c) (6 + 2c) 


Ldl GlAl. Ta se chia P thanh 2 phan va danh gia nhu sau: 
• Ta co: 

1 


> 3. 


y/ab (a + 2c) (6 + 2c) y 3a.36. (a + 2c) (6 + 2c) y (a + 6 + c) 4 27 


12 Day la each doi bien thuting gap khi cac bien co dieu kien tich bang hang so. 
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' Ta lai co: 


ab 


- + 7 


be 


~ + 7 


3a + Ab + 5c 35 + 4c + 5a 3c + 4a + 5 b 
ab 


< 


£ 


6 \J (a + b) (b + c) 3 (c + a) 2 


<Iy 

V ( a + & ) (6 + C Y( C + a) 2 

1 v—\ ( ab 3 ab 2ab \ 1 v—\ 1 . . . . .. 

— — ^ (-;—I - 7 -1-) = — ^ - 7 (2c (a + b) + a (5 -T c)) 

36-^1° + ^ 5 + c c + aj 36 ^ a + 5 v \ J \ JJ 

r.iir. N ' ct/C 

va(5 + c) 


18 + £ : 


a + 5 


Ta lai co: 


a (5 + c) + b (c + a) c (a + b) <a + b + c 


a+b b+c c+a 
That vay BDT tren tuong defang: 


ab 3 + be 3 + ca 3 > abc (a + b + c ) 


BDT nay dung vi: 

ab 3 — al) 2 c -j- abc 2 > 3a5 2 c 
(tuang tu cho cac hang tnf con lai) 


Vay: 


1 1 77 

P<—( 18 + 9)-= — 

- 36 1 J 27 108 


Bai 26 (De thi chon doi tuyen Tinh Thai Nguyen). 


V6i ba sd thuc ditcfng a, b , c thoa man ac > 12; be > 8. Tim GTNN cua bieu thitc sau: 

P a — 5 — c — 2 (~j~j - 

V ab be ca J abc 
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Lett GlAl. Ta dil doan diem rdi a = 3, b = 2, c = 4 va snt dung BDT AM - GM nhu sau: 

/ 1 1 1 \ 8 

P — a + b + c + 2 I — + -—I-) H—— 

\ab be ca J abc 

= 72.— + 48.— + 96.— + 8.— + 6.— + 4.— + 8.— 

72 48 96 4 ab 3 be 2 ca abc 


a 72 b 48 c 96 

72 72 .48 48 .96 96 .4 8 .3 6 .2 4 .a 20 .& 22 .c 18 " 


a 52 6 26 c 78 


' 72.48.96 96 .4 8 .3 6 .2 4 


(ac) 52 (M 26 

72 72 ,48 48 .96 96 ,4 8 .3 6 .2 4 “ 2 


(12) 52 (8) 2e 


72 72 ,48 48 .96 96 ,4 8 ,3 6 .2 4 


Bai 27 (De thi chon doi tuyen Tinh Thai Nguyen). 


V6i ba so thuc duong a , b, c. Chiing mink rang: 


1 1 1 3 , .21 

x + —- 773 + 777 —TS + 777 [ab+be + ca) > — 


(l + a) 3 (1 + b) s (1 + c) 3 32 v 


LcJl GlAl. (http://diendantoanhoc.net/) Ta se dung bo de 

1 11 ( x 3 y + y 3 x — 2 x 2 y 2 ) + (xy - l) 2 


{x + ly (y+ 1) 2 xy + 1 {x-\-ly{y-\-ly {xy+l) 


Ta co: 


Khi do: 


1 11/11 3 

? + —m + o ^ 3 i 3 


(1 + ay (1 + ay 8“ y(l + a) 6 ‘8 2(1 +a) 2 

o X - '' 1 3 ^ 3 ^—\ 1 ^ 3 v 1 

^ (1 + a) 3 + 8 “ 2 ^ (1 + a ) 2 “ l^ab+1 

eye V J eye \ ' eye 

777i + 72 {ab+bc+ca) -T(, 


. r ( i+«r 

Vay nen ta can chiing minh: 


3^ 1 3 . . 3 21 

8^a5 + l 32 l ; 16“32 


«^STT + l (ai,+6c+co) -l 
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Theo BDT AM- GM ta lai co: 


fE abTl +§^( ab+bc + ca + 3 ') 


3 36 3 , , v 36 

' 77 ^:-—- 7 - 7 -h 77 - (a 6 + 6 c + ca + 3) > — 

32 3 + ab + be + co 32 32 


3 ^—\ 1 3 , , 27 

■8E76T7 + 32 ( “ f ' + ( ’ C + “ ) -32 


Bai toan dtfcfc chtfng minh. Dang thde xay ra khi va chi khi a = b — c = 1. 


Bai 28 (De thi chon doi tuyen Tinh Thai Nguyen). 


Vdi ba so thiCc ditefng x : y, z thoa man xyz > 1 va z < 1. Tim GTNN cua bieu thtic sau: 

P = ^ + ^-+ ++ 

1 + y 1 + x 3(1 +xy) 


LcJl GlAI. Ta sd dung bo de quen thuoc sau: 

x y > 2 y/xy 
1 + y 1 + x ~ 1 + y/xy 


That vay, 

x | y _ 2 y/Ty = {yfx - y/y ) 2 + y/xy(x - yf + x 2 + y 2 - (x + y) y/.xy > Q 
1 + 2/ 1 + x l + y/xy (1 + x) (1 + y) (l + y/xy) 


Do do: _ 

P = ^+^- + ++. > 2 v^ + +_ 

1 + 2/ l-\-x 3(1 + xy) 1 + y/xy 1 + xy 

Ta lai co: 

2 V%y , 1 _3 _ (y^-i) 3 >Q 

1 + y/xy 1 + xy 2 2 (1 + v ^) (1 + xy) ~ 

Do do: 


3 

Dang thde xay ra khi va chi khi x — y = z — 1. Vay GTNN cua P la 


Bai 29 (De thi chon doi tuyen Tinh Ha Nam). 


□ 


Vdi ba so thiCc khong dm a, b, c va khong co hai so nao dong thdi bang 0. Tim GTNN cua 
bieu thde sau: 
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LcJi Giai. 

Cach 1: 

Khong mat tmh tong quat, ta tim GTNN cua P vdi dieu kien a + b + c — 3. Khi do P diteic 


viet lai la: 


Ta lai co: 



Danh gia tUOng tit cho b, c ta ditdc: 


4 => 


Q ( Q -|) 2 

3 — u 


> 0 


I ° I ^ I ^ > 

Y 3 — a V 3 — b Y 3 — c — 3 


P>~(a + b + c) = 2 
3 

Dang tlntc xay ra khi va chi khi a = b = —, c — Ova cac hoan vi cua no. Do do GTNN cua P 
la 2. 2 

Cach 2: (http://diendantoanhoc.net/) 

Ta co: 



2 a 

a + b + c 


a [(a + b + c) 2 — 4a (b + c)] > 0 a(a — b — c) 2 > 0 


Danh gia titdng tit cho hai hang tit con lai ta ditqc: 


P > 2 


Dang thitc xay ra khi va chi khi a = 6, c = 0 va cac hoan vi cua no. Do do GTNN cua P la 2. 

Cach 3: (http://diendantoanhoc.net/) 

Khong mat tmh tong quat ta gia sd c la so nho nhat trong ba so a , b, c. Ta co danh gia sau: 13 



13 Danh gia nay co nhieu khai thac rat thu vi co the tham khao qua bai viet "t?ng dung mot bo de hay trong 
didng minh BDT - Ngo Trung Hieu, Cao Minh Quang - THTT 469" 
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Dat x — y ^ do x G |o; y^|J, xet ham so 

/(*) = 2 


l + 2x 2 


Bang khao sat ham so ta dupe: 

/(*)>/( 0 } = 2 

The P >2. Dang thUc xay ra khi va chi khi a = 6, c = 0 va cac hoan vi cua no. Do do GTNN 
cua P la 2. 

□ 


Bai 30 (De thi chon HSG Tinh Ninh Binh). 

Vdi ba so thuc dieting a, b, c, co tong bang 3. Chting mink rang: 

1 1 _J_ 1 \ 

y/a+s/b Vb+y/c y/c+y/a~ \a+7 6+7 C+7J 

Lch Giai. 

Cach 1: 

Ap dung BDT Cauchy ket hop vdi AM - GM ta dupe: 

1 1 > 4 > 8 _ 8 

y/a + y/b Vb+y/c yfa + Vb + \fb + yfc. o + 26+x+4 6 + 7 

Danh gia tUOng tu cho hai cac dai lupng con lai va cong lai bai toan dupe chUng minh. Dang 
thUc xay ra khi va chi khi a — b — c—1. 

Cach 2: (http://diendantoanhoc.net/) 

Ta co: 

1 > 1 2 

^+^- <>±I + k±I a + 6 + 2 

Danh gia tUOng tu cho hai hang tU con lai. Vay nen ta can chUng minh : 

1 1 1 _ 1 1 12 2 2 
q + 6 + 2 6 + C + 2 c + o + 2 5 — o 5 — 6 5 — c o + 7 6 + 7 c + 7 


Ta lai co: 


Vay nen: 


1 2 ^3 3 _ (o-l) 2 (o + 3) 

5-o ~ o + 7 “ 32° _ 32 ^ 32 (5 - a) (o + 7) 


> 0 


1112 
5 — a 5 — 6 5 — c o + 7 


2 

6 + 7 


2 3 . .9 

-- > — (a + 6 + c)-= 0 

c + 7 “ 32 v ’ 32 


Bai toan dupe chUng minh. Dang thUc xay ra khi va chi khi a = 6 = c = 1. 


□ 
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Bai 31 (De thi HSG cap Tinh - Phu Yen). 


Vdi bon so thiic ditcfng x, a, b , c thoa man x 2 = o 2 + b 2 + c 2 . Chting minh rang: 

3 


r + 


x + 2a x + 2b x + 2 c VS + 2 


Lch GlAl. Trudc tien ta thuan nhat hoa BDT lai nhu sau: 
a b 


Va 2 + b 2 + c 2 + 2a Va 2 + b 2 + c 2 + 2b \/a 2 + b 2 + c 2 + 2c \/3 + 2 
Va chuan hoa: 

a 2 + 6 2 + c 2 = 3 

Vay nen ta can cluing minh : 


\/3 + 2o + 2b \/3 + 2c v^3 T 2 

-< f—12 + 7>/3) (a - 1) + —J- 

s/3 + 2 a V ’ V 3- 

2(2^3-3) (a — 1) : 


■\/3 + 2 


(2 + a/ 3) (2a + \/3) 
Danh gia tUOng tit cho b, c nen ta diidc: 


r -1— ~i= -Hh■*—p-< (— 12 + 7v / 3') (a + b + c — 3) H— -= -< 

V3 + 2a V3+ 2 b VS + 2 c V / a/3 + 2 


v ^+2 v ^+2 


BDT tren dung vi a + b + c < 3. Bai toan dupe cluing minh. Dang thiic xay ra khi va chi khi 
a = b = c. □ 

Bai 32 (De thi chon doi tuyen Tinh Lang Son ngay thii 1). 


Vdi ba so thuc ductng x. y. z co tick bang 1. Tim GTLN cua bieu thiic sau: 


P= - 


1 


1 


1 


x 2 + 2 y 2 + 3 y 2 + 2 z 2 + 3 z 2 + 2x 2 + 3 

LcJl GlAl. (http://diendantoanhoc.net/) 

Ta co: 


1 


- > - 


x 2 + 2 y 2 + 3 xy + y + 1 


Do do: 


2 2 2 
P> -:-rr +- 7 H— 


2z 2 2 

T + -— + - 


~ xy + y + 1 yz + z+ 1 zx + x + 1 z + yz + 1 yz + z + 1 zx + x+1 
Dang thiic xay ra khi va chi khi x = y = z — 1. Do do GTNN cua P la 2. □ 
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Bai 33 (De thi chon doi tuyen Tinh Quang Nam). 

Vdi bon so thuc khong dm a , b, c, d. Chitng minh rang: 

(a + b + c + d) 3 <4 (a 3 + b 3 + c 3 + d 3 ) + 24 (abc + bed + eda + dab) 

LcJl GlAI. Khong mat tinh tong quat ta gia sijf a > b > c > d. 

Ta co: 

4 ( a 3 + b 3 + c 3 ) + 24 abc > (a + b + c ) 3 


<+ a 3 + b 3 + c 3 + 6 abc > ab (a + b) + be (b + c) + ca (c + a) 
BDT tren hien nhien dung theo BDT Schur. 

Ta thay c:= c + d ta dtfdc: 

4 |)ci 3 T" b 3 + (c + d) ] + 24 ab (c + d) + (o + b + c + d) 


<+>4 (a 3 + b 3 + c 3 + d 3 ) + 12cd (c + d) + 24a6c + 24 abd > (a + b + c + d ) 3 
Vay nen ta chi can chitng minh: 

2 cd (a + b ) > cd (c + d) 

Dieu tren la hien nhien. Bai toan drfdc chtmg minh. Dang thde xay ra khi va chi khi a = b,c = 
d = 0 va cac hoan vi cua no. □ 

Bai 34 (De thi chon doi tuyen Tinh Nam Dinh - Ngay thh 2). 

V6i ba so th'ilc dudng a , b, c co tong bang 3. Chitng minh rang. 

(a + Vbj 


jb+Vc) 


(C+ -y/d) 


Va 2 — ab + b 2 \/b 2 — bc + c 2 Vc 2 — ca + a 2 " 


Ldl GlAI. (http://diendantoanhoc.net/) 

Ta co: 


+ Vb) 


(a + Vb) 


-Vb) 2 


ji {a _ b) i + Lt(a + b) i 


a + b 




Tudng tit cho hai so hang con lai cong lai ta ditdc digu phai chitng minh. Dang thilc xay ra khi 
va chi khi a = b — c— 1 □ 


Bai 35 (De thi chon HSG Tinh Binh Thuan). 

Vdi ba so thitc dudng a , b, c. Chitng minh rang: 

a 2 b 2 c 2 >a + b + c>ab be ca 
b+c c+a a+b~ 2 ~a+b b+c c+a 
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Lett Giai. 

• Theo BDT Cauchy ta dupe: 

a 2 b 2 c 2 > (a+ b + c) 2 _a + b + c 
b + c c + a a + b ~ 2 (a + b + c) 2 

• Theo BDT AM - GM, ta lai co: 

ab be ca < ab be ca 

a + b b + c c + a ~ 2\fab 2 y/bc 2 ^/ca 

Vab \fbc y/ca ^2 (a + b + c) a + b + c 
~ 2 + ~2~ + 2 “ 4 ~ 2 

Bai toan dupe chdng minh, dang tilde xay ra khi va chi khi a = b — c 


□ 


Bai 36 (De thi HSG Tinh Binh Dinh). 

Vdi ba so thilc ditdng a, b, c co tick bang 1. Tim GTNN cua bieu thilc sau: 

1 1 1 
a 3 (b + c) b 3 (c + a) c?(a + b) 

LcJl GlAl. (http://diendantoanhoc.net/) 

1 1 1 

a 3 (b + c) b 3 (c + a) c 3 (a + b) 

(be) 2 (ca ) 2 (a &) 2 > ( ab + bc + ca) 2 

a(b + c) + b (c + a) c(a + b) ~ 2(ab + bc + ca) 

(ab + bc+ ca) 2 3 (ab + bc + ca) (ab + be + ca — 3) > ^ 

2 (ab + be + ca) 2 2 (ab + bc + ca) ~ 

3 

Dang thde xay ra khi va chi khi a = b = c = 1, the GTNN cua P la □ 

Nhan xet: Ap dung ket qua bai toan tren ket hop BDT Nesbitt ta de dang co dupe lcJi giai 

cua bai toan sau: Hong Kong TST 2016 _ 

Vdi ba so thilc ditdng a, b, c co tick bang 1. Tim GTNN cua bieu thilc sau: 

a 3 + 8 & 3 + 8 c 3 + 8 

a 3 (b + c) b 3 (c + a) c 3 (a + b) 


Ta co: 


Ta lai co: 


Vay nen: 
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Bai 37 (De thi chon doi tuyen Tinh Hai Phong). 

Vdi ba so thtic ducfng a,b,c> - co tong bang 6 . Chxtng minh rang: 

ab + bc + ca> 3 V abc + ab+be + ca — 4 

LcJl GlAI. Khong mat tinh tong quat ta gia stjT c> a>b. 

Trudc tien ta khang dinh bieu thile trong can luon ditOng. Ta co: 


ab + bc + ca + abc 





= i( 2 a-l) ( 2 c- 1 ) (6 + 1 ) >0 
Ma: 

( a+c _i)((,+ i) + i 6 + i( 0 +c _i) 6 _« 

= ( 6 _ 6 _i) (f+|)+|&+i ( 6 - & -|) 6 -f = f ( 2 t ,- 1 )( 5- 6) >0 
13 

Do do ab + bc + ca + abc > — tile can thile ton tai. Quay trd lai chilng minh bai toan. 
Vdi cac gia sil thil tu nhu tren se ton tai hai so m > n > 0 sao cho: 


a = m + n\b = m — n 


Doa + 6 + c= 6 nen c = 6 — 2m > 2 tile m < 2. 
Khi do BDT ditdc viet lai la: 

(ab + bc + ca) 2 + 36 > 9 (ab + be + ca) + 9 abc 


(m 2 — n 2 + (6 — 2m) (2m )) 2 + 36 > 9 (m 2 — n 2 + (6 — 2m) (2m)) + 9 (m 2 — n 2 ) (6 — 2m) 
^ 9m 4 — 54m 3 + 6 m 2 n 2 + 117m 2 — 42mn 2 — 108m + n 4 + 63n 2 + 36 > 0 

9(m - 2) 2 (m - l ) 2 + n 2 [ 6 (m - 2 ) 2 + 18 (2 - m) + 3 + n 2 ] > 0 

BDT cuoi hien nhien dung. Dang thile xay ra khi va chi khi a = b — c — 2 hoac a = b = l,c — A 
va cac hoan vi cua no. □ 

Nhan xet: Gia thiet a. b, c > — nham de can thile ton tai chua tham gia vao ldi giai do do ta 
co the manh gia thiet len chi can ab + bc + ca + abc > 4. 
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Bai 38 (De thi HSG cap Tinh Quang Ngai). 


Vdi ba so three x,y,z E -; 1 . Tim GTNN cua bieu thrjCc: 


P = x 5 y + xy 5 + 


x 2 + y 2 


- 3 {x + y) — 2016z 


Lcil GlAl. Ta c 


P = x 5 y + xy 5 H—^^ — 3 (x + y) — 2016 2 ; > x 5 y + xy 5 H——- — 3 (x + y) — 2016 
x 2 + y z x 2 + y 2 

Xet ham so: 

f (x) = x 5 y + xy 5 + 6 -3 (x + y) 

x 2 + y 2 

Ta co: 

f (x) = 5 x 4 y - 7) + y 5 — 3 < 5-1-1 — 3 = 0 

J K J ( x 2 + y 2 f y ~ 4 

Do do: 

P > y + y 5 + - 3 (1 + y) - 20i6 

l + y 2 

Tudng tU nhu tren ta dildc: 


P>y + y 5 + zr ^—5 - 3 (1 + y)- 2016 > -2017 

l + y 2 

Dang thde xay ra khi x — y = z = 1, nen GTNN cua P la —2017 


□ 


Bai 39 (De thi chon doi tuyen Tinh Quang Ngai). 

Vdi ba so three dieting a, b, c thoa a + b + c = 3. Chring minh rang: 

111 a +1 6+1 c +1 8 8 8 

a~^6~^c~^l + 6 2 ~^l + c 2 ~^l + a 2 — — a 2 + 6 2 + 2 + 6 2 + c 2 + 2 + c 2 + a 2 + 2 

LGi Giai. 

m , 1 1 1 a+1 6+1 c+1 

• Ta chtfng minh: - + - H-h --+ -- 5 - + --r > 6 Ta co: 

a 6 c 1 + 6 2 1 + c 2 1 + a 2 

a +1 ^ (a + 1) ^ a + 1 ab + 6 (a + 1 ) 6(6 - l ) 2 n 

(6 - 1) + — = —^ 2 (1 + 6 2 ) -° 


Danh gia tudng tU chd cac s 6 hang edn lai, ta chi can cluing minh: 


1 1 1 ab be ca a + b + c ^ „ 

a + I + c + Y + Y + T + ^ _ “ 6 


1 1 1 ab be ca 

*a + b + c + T + T + T- 


9 

2 


BDT cudi dung thed AM - GM. 
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1 Ta minh: ' 4 a 2 +t + 2 + W^2 + c 2 + a 2 + 2 

ta gia sii a > 6 > c. 


< 3. Khong mat tmh tong quat 


Dat 


f ( a ’ c ) - „2 , L I o + *■> ■ ^ ■ - + “ 


" a 2 + 6 2 + 2 6 2 + c 2 + 2 c 2 + a 2 + 2 


/ 6 + c 6 + c\ . v 


(fe - c) 3 
2 


1 


(6 2 + c 2 + 2) (2 + &±f.) (4 + 2a 2 + 6 2 + c 2 ) (4 + 2a 2 + ^ 


(6 2 + c 2 + 2) (2 + fc^l) < (4 + 2a 2 + 6 2 + c 2 ) f 4 + 2a 2 + 


(b + cf 


( b + c b + c\ 
f { a ~~) - /(o ' i, ’ c) 


Ta can cluing minh: 


/ (3 — 2t, t, t ) = 


2 1 < 3 
(3 - 2t) 2 + t 2 + 2 + 2t 2 + 2 “4 

That vay, BDT tren tUcing ducing: 

3(t - l ) 2 (5t 2 - 2t + 1) 


4 (t 2 + 1) (5t 2 — 126 + 11) 


> 0 


Bai toan dtfdc cluing minh. □ 

Bai 40 (De thi Olympic chuyen Khoa hoc Tu nhien 2016). 

Vdi ba so thiCc ducing a , b, c thoa man ab + bc + ac + 2 abc = 1. Chting minh rang: 

a(a+ 1) 6(6+1) c(c+l) ^ 9 

( 2 a + 1) 2 + (26+1) 2 + ( 2 c + l ) 2 “ 16 

Lcii Giai. 

Cach 1: 

Vi a, 6 , c duong thoa man ab + be + ac + 2abc = 1 nen ton tai ba so thiic duong x, y , z sao cho: 

x y z 

a = -, 6 =-, c =- 

y + z z + x x + y 

14 Tham khao trong "Inequalities Theorems, Techniques and Selected Problems - Cvetkovski, Zdravko" 
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Khi do BDT dupe viet lai la: 


x (x + y + z) y (x + y + z) + z (x + y + z) < 9_ 
(2 x + y + zf (x + 2y + zf (x + y + 2 zf ~ 16 

Ta chuan hoa x + y + z — 3 khi do ta can cluing minh: 


J + ' 


y 


< + - 


Khi do dat / (x) - 


(3 + x ) 2 


(3 + x ) 2 (3 + y ) 2 (3 + z) 2 -16 

r ta co: 


rw = h £^ <0 

V 1 (3 + x ) 4 


Theo BDT Jensen cho ham lom f(x) ta duoc: 

x y z 

_i_ " _i_ 


x + y + z 


(3 + x) 2 (3 + y) 2 (3 + z) 2 


3 

16 


Dang thhc xay ra khi va chi khi x — y — z — 1 the a = b = c — ^ 

Cach 2: (diendantoanhoc.net) 

Lap luan nhu tren ta can chhng minh: 

x (x + y + z) y (x + y + z) z(x + y + z) < _9_ 
(2 x + y + z) 2 (x + 2y + zf (x + y + 2zf ~ 16 


Ta co: 

x (x + y + z) y (x + y + z) z(x + y + z) 
(2 x + y + zf (x + 2 y + zf (x + y + 2 zf 


< (x + y + z) 

< (x + y + z) 


x , V 

4 (x + y)(x + z) 4 (y + z) (y + x) 

' x(y + z) + y(z + x) + z(x + y) 1 
4 (x + y)(y + z)(z + x) J 


z 

4 (z + x) (z + y) 


Do vay ta chi can chhng minh: 

9 (x + y) (y + z) (z + x) >8 (x + y + z) (xy + yz + zx) 


<+ 9 (x + y) (y + z) (z + x) >8 (x + y)(y + z) (z + x) + 8 xyz 


(x + y) (y + z) (z + x)> 8 xyz 
BDT cuoi hien nhien dung theo AM -GM. 
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Cach 3: 

BDT da cho tUOng dudng: 


1 1 1 
r + 77T - m : 


Ta co danh gia sau: 


(2a+l) 2 (2b + 1) (2c+1) 2_ 4 

(2a -l) 2 


(2a + 1) 4a 2 + 2a + 1 (2a + 1) (4a 2 + 2a + 1) 


Do vay: 


4 4 4 

r + —- -9 + “7 -—r > 3 


1 


1 


1 


(2a + l ) 2 ' (2b + l ) 2 ' (2c + l ) 2 — " \^4a 2 + 2a + 1 ' 46 2 + 26+l ' 4c 2 + 2c+l 
Theo gia thiet ta co 8 abc < 1 nen ton tai a! > a sao cho 2a'. 26.2c = 1 the nen ta dupe: 
111 111 


- + 


r + 


+ - 


r +1 


4a 2 + 2a + 1 46 2 + 2b + 1 4c 2 + 2c + 1 “ 4a /2 + 2a' + 1 46 2 + 26+l 4c 2 + 2c+l 


Ap dung Bo de: x, y, z duong thoa man xyz = 1 thi: 

1 1 1 


- > 1 


x 2 + x + l y 2 + y+ 1 z 2 + z+ 1 " 

1111 


Ta dupe: 

1 

4a 2 + 2a + 1 + 4b 2 + 2b + 1 + 4c 2 + 2c + 1 “ 4a /2 + 2a' + 1 + 46 2 + 2b + 1 + 4c 2 + 2c + 1 : 
Vay nen: 

1 1 13 

I + tt:—: 


(2a+ 1) 2 (2b + l) 2 (2 c+1) 2_ 4 


Cach 4:(diendantoanhoc) 

Ta can chUng minh 

1 , 1 , 1^3 

(2a+1 ) 2 + (2b +1 ) 2 + (2c+1 ) 2 “ 4 
Ta se chUng minh mot ket qua manh hdn la: 

1 1 1 


- + 


+ - 


That vay: 


(2a+ 1) (26+1) (2b + 1) (2c + 1) (2c+1) (2a + 1) “ 4 


+ 7 


(2a+ 1) (26+ 1) (26+ 1) (2c + 1) (2c+1) (2a + 1) “ 4 

2 (a + 6 + c) + 3 3 


(2a+ 1) (26+1) (2c+1) ~ 4 


4 + 2(a + 6 + c) + l “ 4 
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BDT cuoi la hien nhien vi theo BDT AM - GM ket hop vdi gia thiet ta co: 

j 7 7 (a + b + cf 2 (a + b + cf 

1 = ab +be + ca + 2 abc < ---1-—- 


3 

=4* a + 6 + c > — 

Bai toan drfdc cluing minh dang thilc xay ra khi va chi khi a = b = c = — 

Cach 5:(diendantoanhoc) 

Ta can chilng minh 

1 1 1 ^ 3 

(2a + l) 2 + (26 + l) 2 + (2c + l) 2 - 4 

Vi a, b, c dudng thda man ab + bc + ca + 2 abc = 1 nen ton tai x, y, z dudng sad chd: 

x y z 

a = -, b = -, c =- 

y + z z + x x + y 

Vay nen BDT dude viet lai la: 

{y + zf { {z + xf | (x + y) 2 > 3 

[(x + y) + (x + z)] 2 [(y + z) + (y + x)} 2 [(z + x) + (z + y)] 2 ~ 4 

Ta lai c6: 

(y + z ? , (-^ + ^) 2 , {x + y? 

[(® + y) + (x+ z)] 2 [(y + z) + (y + x)] 2 [(z + x) + (z + y)] 2 


> 1 (y + z) 2 | {z + xf | (x + y) 2 

~ 2 (x + yf + (x + z) 2 (y + zf + (y + xf (z + x) 2 + (z + y) 2 _ 

Thed BDT Nesbitt thi: 

(y + z) 2 (z + x) 2 (x + yf 3 

(x + yf + (x + z) 2 (y + zf + (y + xf (z + xf + (z + yf~ 2 

Bai toan ditdc chilng minh. □ 

Nhan xet: Den day ta thay co sit lien ket giila cac de thi: Tinh Ba Ria - Vung Tau, Thanh 
Hoa, Olympic chuyen Khoa hoc Tu nhien va Problem A2 - IMO Shortlist 2009. Mac du dang 
BDT giong sau vai brfdc bien doi la nhu nhau nhung gia thiet manh yeu khac nhau vi vay cho 

ta rat nhieu ldi giai hay (vdi ldi giai bang phep bien doi trfdng drfdng thi chung gan nhrf la mot 

bai). 

Bai 41 (Trai he Hung Vudng lan XII Bac Giang 2016, Ldp 10). 


Vdi ba so thilc a, b, c thda man (a + b) (b + c) (c + a) ^ 0. Chilng minh rang: 

/a\ 2 / b \ 2 /^ C V > a b cl 

\a + b) + \b + c) + Vc + aJ + (a +b) (b+c) (c+a) ~ a + b + b + c + c +a 4 
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LcJl GlAI. Bai toan co dang kha cong kenh mot thao tac hay dung khi gap nhung BDT nhu 
vay la dat lai an. 

Cach 1: Ta dat 

{ 2 x = a + b I a — x + z — y 
2 y = b + c ^ < b = x + y — z 
2 z — c+a yc—y+z— x 


BDT da cho tUdng duong vdi 





vi 

^-(ViPTKV) 

Dang thtfc xay ra khi va chi khi a = b — c hoac a = b,c — 0 vh, cac hoan vi cua no. 

Cach 2: (Dap an cua BTC) 

Ta dat: 

a b c 

a+ b’^ b + c ,Z c +a 

Khi do: 

(t - x) (1 - y) (1 - z) = xyz 


<+ 1 + xy + yz + zx — 2 xyz + x + y + z 

<+ 2 + (x + y + z) 2 — Axyz + 2 (x + y + z) + x 2 + y 2 + z 2 

=> Axyz + 2(x + y + z) + x 2 + y 2 + z 2 = j^(ar + y + z ) 2 + ^ > 3 \x + y + z\ - ^ 

=k 4 xyz + 2 (x + y + z) + x 2 + y 2 + z 2 = + y + zf + ^ > 3 (x + y + z) - ^ 

=>■ x 2 + y 2 + z 2 + 4 xyz > x + y + z — ^ 

Vay nen ta dupe: 

/ a \ 2 ( b V f c \ 2 4o6c > a b cl 

\a + 6y +\b + c) ~\c + a/ + (a + b) (b +c) (c +a) ~ a + b+b + c+c + a 4 
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Bai 42 (Trai he Hung Vudng lan XII Bac Giang 2016, Ldp 11). 


Vdi ba so thuc khong am x,y,z co tong bang 3. Tim GTNN va GTLN cua bleu thUc sau: 

P — \Jx 3 - “^x 2 + 4 + \Jy 3 ~ y 2 + 4 + ^ z 3 - ^z 2 + 4 
LcJl GlAl. Ta se cluing minh: 

\/39 <P = \jx 3 - + 4 + \jy 3 ~ 7 ,y 2 + 4 + z 3 - ^z 2 + 4 < 9 


I P = Jx 3 — ^x 2 + 4 + \jy 3 - ~Z/ 2 + 4 + J z 3 - \z 2 + 4 > a/39 


^ + 4 > V39 _ V39 = 5^39 V39 

3 X + - 78 j+ 3 78 X+ 26 


^ x 3 - ^x 2 + A> ^(5x + 21) 2 


<£> — (x- 1) (52x + 61) > 0 


^ 3 -^ 2 + 4+^ 3 -^ 2 + 4+^ 3 -^ 2 + 4 > ^(x + y + z ) + ‘^- = V 39 


Dang thilc xay ra khi va chi khi x = y = z — 1 


i P = yjx 3 — jjz 2 + 4 + \Jy 3 - ^y 2 + 4 + Jz 3 — jjz 2 + 4 < 9 
Ta co: 

yjx 3 -~x 2 +4 <x + 2 
Ox 3 -~x 2 +4< (x + 2f 


x (x — 3) (x + |) <0 

BDT cuoi hien nhien dung do x < 3. Do do: 

P = \jx 3 — x 2 + 4 + ?/ 3 - ^// 2 — 4 + ^/.r 3 - jjz 2 + 4 < (.i; — ?/ — z) — 6 9 

Dang thlie xay ra khi va chi khi x = y = 0, z = 3 va cac hoan vi cua no. 

Vay GTNN cua P la \/39 dat drfOc khi a: = y = z = 1 va GTLN cua P la 9 dat drfOc khi 
x — y = 0, z — 3. □ 
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Nhan xet: 


• Danh gia 




5\/39 7\/39 

~ir x+ -2r 


co drtdc nhd phuong phap tiep tuyen dua vao diem rdi x = 1 15 . 


' Doi vdi danh gia thil hai: 


phudng phap tiep tuyen khong dung drtdc nha vi diem rdi cua x, y, z lech nhau. O day 
dung he so bat dinh the tim mot danh gia dang: 


; 3 — -x 2 + 4 < ax + b 


Ta tim a, b sao cho danh gia tren dung vdi moi x e [0; 3]. 


Bai 43 (De thi Olympic GGTH 2016 - Khoi 11 & 12). 

Cho a, b, c la cac so thuc khdng am. Ch/ilng minh rang: 

(3a + 2 b+ c) 3 > 6a/3 (a + b + c) ( ab + bc + ca ) 

Lett Giai. 

Cach 1: (diendantoanhoc.net) 

Dat x = a + b, y = a + c thi 3a + 2b + c — 2x + y ; (x, y > 0). Ta lai co: 
[ a + 6 + c<2a + 6 + c = a; + y 


I ab + bc + ca < a 2 + ab +bc + ca = (a + b) (a + c) = xy 
Vay nen ta chi can cluing minh: 

(2x + y) 3 > §V?>xy (x + y) 

Ta chuan hoa y = 1 va chi can cluing minh : 

(2x + l ) 3 > §\/3x (1 + x) 


\/3 — 1 


\/3 + 2 


> 0 


BDT cuoi la hien nhien. Dang thile xay ra khi a = 0. b 


\/3 — 1 


15 Mot vai danh gia trong bai cung dung phuong phap tiep tuyen de lam danh gia trung gian. 
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Cach 2: (Nguyen Van Huyen) 

Dat F = (3 a + 2b + c) 3 — 6\/3(a + b + c)(ab + be + ca) 
Khi do: 

F = 6-\/3 [2a (a + b + c) + bc\a 
9 - 4^3 


H-—— |33a + 4 ^6 — "\/3^ b + ^9 + 4y/3 ^ cj j^\/3a + ^1 + V^3^ b — c j >0 


Bai 44 (De thi Olympic GGTH 2016 - Khoi 10). 


Cho A ABC co do dai khong viCcft qua 1. Goi p, R, r Idn lildt la nita chu vi, ban kinh diCdng 
trdn ngoai tiep, ban kmh diCdng trdn noi tiep cua A ABC. Chilng minh rang: 

p( 1 - 2 Rr) < 1 


Lcll GlAl. Goi a, b , c la ba canh cua tam giac. Khi do ton tai cac so thuc duong x, y , z sao 
cho: 

a = x + y 
b = y + z 

C — Z + X 

Khi do: 

p = x + y + z 


xyz (x + y)(y + z) (z + x) 


Do do BDT duoc vi§t lai la: 


\[x + y + z' X< ' 4 y/xyz {x + y + z) 

(x + y) (y + z)(z + x) 


<+ x + y + z — - 


Den day ta tra ve an cu va nhan dupe ldi gian kha ddn gian: 
x + y + z 
a + b + c— abc 


_ (x + y)(y + z) (z + x) < 
2 


- < 1 


<+ a + b + c < 2 + abc 


(1 + ab — a — b) + (abc — ab) + (1 — c) > 0 

(1 — a) (1 — b) + (1 — c) (1 — ab) > 0 
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BDT cuoi hien nhien dung do gia thiet cac canh cua tam giac khong vUpt qua 1. Dang thiic 
xay ra khi va chi khi a = 1,6 = 1, c va cac hoan vi cua no. □ 

Nhan xet: 

• Bifdc chuyen doi a,b,c thanh x,y,z tren thudng duqc goi la phep the Ravi. Duong nhien 
vdi bai toan nay thi chua can dung den vi bieu thhc can chiing minh co the bien doi nhu 
sau: 

OD v OD ODC abc a + b + c-abc 

p{ 1 — 2 Rr) = p — 2 Rpr = p — 2 RS = p -— =--- 

Tuy nhien vdi cac bai toan co bieu thu'c tuong doi phhc tap thi phep bien doi Ravi to ra 
kha hieu qua. 

• Co the tham khao each doi bien nay qua bai viet: ’’Useful substitutions in triangles 
inequalities - Daniel Sitaru ” 
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2 Phan 2 


Ngoai nhhng ky thuat cd ban (sh dung BDT co dien, bien doi tUdng dudng,...) ta con mot so 
ky thuat, phudng phap ma tfnh hieu qua cua no da dUdc khang dinh qua rat nhieu bai viet vdi 
nhhng ldi giai dep. Tai lieu se diem lai mot so ky thuat do. Trudc hgt la ky thuat cung la yeu 
cau dau tien khi ta hoc ve BDT. 

2.1 Ky thuat chon diem rdi 

Trong chhng minh BDT viec dam bao dau bang luon xay ra qua cac budc danh gia la vo cung 
quan trong. Bdi neu trong cac budc danh gia ma moi budc co dau bang xay ra vdi bien x xay 
ra khac nhau thi qua cac budc danh gia do ta chi thu drfdc BDT ma dang thhc khong the xay 
ra, co nghla ta da lam yeu BDT di va viec khong chitrig minh dude la dieu tat yeu. Vi du ddn 
gian nhu sau: 


Vdi moi so thuc x. ChvCng minh rang: 


a 1 5 

X +2 + ^ T ^-2 


Phan tich va ldi giai Neu ta van dung BDT AM - GM nhu sau: 


* 2 + 2 +^-> 2,/^-2 

X + + j;2 + 2- 1 I 2 + 2“ 


Dau bang khong the xay ra vi: 


x 2 + 2 = & x 2 + 2 = 1 (VN) 


vay nen ta chi dUdc: 


J -> 2 a /?± 2 

2 + 2 \ x 2 +2 


2 


BDT da yeu di qua budc danh gia tren do la ly do khong the chrfng minh dUdc bai toan. 

Vay lam sau de cd dUdc mot danh gia hdp ly? Trudc tien ta phai doan neu dang thhc xay ra 
thi x =? Sau do moi budc danh gia ta luon nhd phai dam bao dang thhc se xay ra. Cu the vdi 
bai toan tren khong kho de doan dang thhc xay ra khi x ~ 0 do do ta danh gia kheo leo hdn 
nhu sau: 


2 „ 1 x 2 + 2 1 3 (rr 2 + 2) I x 2 + 2 6 5 

* + + x 2 + 2~ 4 + x 2 + 2 + 4 - \j4(x 2 + 2) + 2 


□ 
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Tom lai khi lam viec vdi BDT cai nhin dau tien la hay drf doan dau bang cua BDT se xay ra 
khi nao. 

Neu budc drf doan khong de dang hay noi each khac diem rdi la so rat xau khong the doan 
dude thi the nao? 

Doi vdi moi dang co gia thiet khac nhau se co each danh gia khac nhau, hai vi du sau day hy 
vong ban doc nam drfdc y tudng khi gap cac BDT ma dau bang kho doan. 

Vi du 2. 

Vdi ba so thiCc ditcing a, b, c thoa man a + 2b + 3c = 4. Tim GTNN cua bieu thtic sau: 

_ P = a 2 + b 2 + c 4 _ 

Phan tich va lofi giai Khong kho de nhan ra ta can mot danh gia dang: 

a 2 + b 2 + c 4 > k (a + 2b + 3c) 

Va brfdc danh gia do la dung BDT AM- GM. Tuy nhien rat kho de co the biet GTNN cua P 
xay ra khi a, b, c co gia tri la bao nhieu de ap dung AM- GM hop ly. Ta gia sii khi P dat GTNN 
thi a = x, b = y, c — z va se tien hanh nhrf sau: 


a 2 + x 2 > 2 xa 


b 3 + y 2 > 2 yb => a 2 + b 2 + c 4 + (: x 2 + y 2 + 2 z 3 ) > 2 xa + 2 yb + 3 z 2 c 


c 4 + 2z 3 > 3 z 2 c 


Vay la ta can chon x, y, z sao cho: 


2x _ 1 

2y~ 2 


16 


y = 2 x 


2x 1 
3z 2 ~ 3 


z — \f2x 


^ < z — 


4 

5 


5x + 3\/2x = 4 


8 


x + 2y + 3z — 4 


x — 


25 


Nhrfng khi trinh bay ldi giai ta co the lam ngan ngon nhrf sau: 
Ta co: 




192 _ 128 
125 “ 125 
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Dang thdc xay ra khi va chi khi a = b = c = Do do GTNN cua P la —□ 
6 J 25 25 5 125 

Vi du 3. 

Vdi a, b, c la cac so thiXc thay doi sao cho ab + be + ca = 1. Tim GTNN cua bieu thtic sau: 

_ P = a 2 + b 2 + 3c 2 _ 

Phan tich va lcfi giai Tit gia thiet bai toan gdi cho ta chon each danh gia: 


a 2 + b 2 + 3c 2 > k (ab + be + ca) 

Tudng tu nhu vi du 2, ta khong doan dude diem rdi khi GTNN dat dude. Ta gia sit khi d 6 
a — x, b = y, c = z ta c 6 danh gia sau: 

. (ay) 2 + (bxf 


xyab < - 


yzbc < 


(bz) 2 + (cy) 2 


. ( az) 2 + (ex) 2 


Van de cbn lai la chon x,y,z thich hdp sao cho co the tan dung dude ab + be + ca = 1. Do d 6 
ta dieu chinh lai nhu sau: 

. z(ayf + z(bx) 2 


xyzab < - 


xyzbc < 


xyzac < 


x(bz) 2 + x(cy) 2 


y(az) + y(cx) 


Vay nen: 


[yz (y + z)\ a 2 + [zx (z + x)] b 2 + [xy (x + y)] c 2 > 2 xyz (ab + bc + ca) 


Ta se chon x, y, z sao cho: 

y(y + z) = x(z + x) 

< 3 z (y + z) = x (x + y) 

xy + yz + zx — 1 


x = y = 


_ V33 - 3 4 [ T“ 
2 'V 297 


Phan trinh bay lai giai danh cho ban doc. 0 

De ket lai phan nay ban doc nen xem lai trong phan mot cac bai Bai 1 (Tp. HCM - Ngay 
thd l),Bai 12 (Dl chon doi tuybn Binh Ditefng 2016),Bai 26 (De thi chon doi tuyen 
Tinh Thai Nguyen) 
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2.2 PhifcJng phap tiep tuyen 

Y tudng cua phUdng phap co the giai thich nhu sau: 


• Giai tich: Trong chucing trinh toan THPT ta thudng xet den dao ham cap 1,2 do do 
neu f"(x) khong doi dau thi trong khai trien Taylor 


f(x) = f (x 0 )- 


f Qo) 


(x - x 0 )+- 


f" Qo) 


0 ~ x 0 ) 2 +...+- 


m 


^ , / (n+1) (a) r xn+l 

' Xa) + l^TTjT (x_Io) 


ta dude: 


J Neu f"(x) > 0; Vx G [a; b] thi f(x) > f (x 0 ) + f Oo) (x — x 0 ); Vx 0 € [a; b] 
1 Neu f"{x) < 0; \/x E [a; b] thi f(x) < f ( x 0 ) + f Oo) (x — x 0 ); Wx 0 e [a; b] 

(Ch'tlng mink ddn gian bang each khai trien den cap 2.) 


• Hinh hoc: Ta biet rang tiep tuyen cua do thi ham so tai mot diem (trut diem uon) luon 
nam tren hoac nam dudi do thi ham so trong mot khoang loi - lorn the la 


/ 0) > /' Oo) (x -x 0 ) + f (x 0 ); Vx e (a; b) 
Hoac la 

f (x) < f Oo) 0 -Xo ) + / Oo); Vz € (a; 6) 
(Trong do (a; b) la mot khoang ma ham so loi hoac lorn) 

Chinh vi vay ta thudng chon no lam mot danh gia phu de cluing minh BDT. 


Vi du 4 (BDT Nesbitt). 

Vdi ba so thuc duong a , b, c co tong bang 3. ChvCng minh rang: 

a b c > 3 

_ 3 — a + 3 — 6 + 3 — c~ 2 _ 

Phan tich va ldi giai Trudc tien ta nhan xet drfdc dang thrfc xay ra khi va chi khi a = b = 

c— 1. 

Ta lai thay tiep tuyen cua ham s6 fix) — ——— luon nam phia dudi do thi vdi moi 0 < x < 3. 

3 — x 
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Tren cd sd do ta manh dan dua ra danh gia phu: 


a 

3 — a 


>j(a-D + i 


ma viec kiem chdng rat d§ dang bang phep bien doi trfdng duong. 

Lam trfdng trf cho cac bien b, c cong lai ta drfdc dieu phai chdng minh. 
Mot bai nila de ban doc tap ddt 


□ 


Vi du 5 (Baltic Way 2011). 


Vdi bon so thuc o, b , c, d khong dm co tong bang 4. Chitng minh rang: 

a b c d < 4 

a 3 + 8 + 6 3 + 8 + c 3 + 8 + d 3 + 8 ~ 9 


Phan tich va lcfi giai Ta sd dung danh gia: 

a K 6(a~ 1) 1 

a 3 + 8 “ 9 2 9 

□ 

Diem manh cua phudng phap tiep tuyen la sd dung drfdc cho cac BDT co dieu kien tong la 
hang so va bieu thdc tach bien. Neu digu kien khac di hoac bieu thdc khong co dang tach bien 
co the sd dung drfdc phudng phap khong? Hai vx du se tra lcJi cho cau hoi do. 


Vi du 6 (All-Russian Olympiad 2002). 

Vdi ba so thuc duong a, b, c co tong bang 3. Chitng minh rang: 

y/a Wm/b + \fc > ab + be + ca 

Phan tich va ldi giai BDT khong d dang tach bien khong the ap dung phrfdng phap tiep 
tuyen. Tuy nhien neu ta dieu chinh lai bieu thdc nhrf sau: 

o 2 + 2 y/a + & 2 + 2 y/b + c 2 + 2 yfc ^ 2 ( ab be + cu) + u 2 + 6 2 + c 2 = 9 

Den day van de trd nen ddn gian rat nhieu bang each sd dung danh gia sau: 


u 2 + 2 yfa > 3 (o — 1) + 3 — 3a 


Ta co drfdc ldi giai cho bai toan. □ 

Vi du 7 (Toan hoc tuoi tre). 

Vdi cac so thuc dUdng thoa man ab + be + ca = 3. Tim GTNN cua bieu thdc sau: 

P = 5(a 3 + b 3 + c 3 )+2 (a 2 b + b 2 c + c 2 a) 


62 


THPT chuyen Nguyen Quang Dieu 










Nguyen Tuan Anh 


Phan tfch va lc#i giai Xet ham so: 


f (a) = 5a 3 + 2 a 2 b 


Ta dir doan cho danh gia: 


f{a) > /'( 1 ) (a- 1 ) + /( 1 ) 

5a 3 + 2a 2 b > (15 + 4 b) (a - 1) + (5 + 2b) 
O (a- if (5o + 26+10) > 0 


Vay nen: 

P > (15 + 4 b) (a - 1 ) + (5 + 2b) + (15 + 4c) (b - 1 ) + (5 + 2c) + (15 + 4a) (c - 1 ) + (5 + 2a) 


■\=k P P 4 (cib + be + ca) -T 13 (a + 5 + c) — 30 ^21 

Dang thile xay ra khi va chi khi a = b = c = 1 nen GTNN cua P la 21. □ 

Nhan xet: Vi du nay muon noi len neu bieu thile can chilng minh khong d dang tach bien ta 
van co the dung phitdng phap tiep tuyen bang each xet ham va xem cac bien con lai la tham 
so. 

De hieu hdn ve phitdng phap tiep tuyen cung nhu khang dinh lai tinh hieu qua cua no ban doc 
co the doc lai cac bai giai cua cac de thi Thanh Hoa - Vong 2, Ha Nam, Ninh Binh, Phu 
Yen, Quang Ngai, TVai he Hung Vifcing lan XII 

2.3 Phtfdng phap pqr 

Cac BDT doi xilng ba bien x,y,z deu co the quy ve BDT vdi cac bien p = x + y + z,q = 
xy + yz + zx, r = xyz, nhu vay thay vi chUng minh BDT vdi ba bien x, y, z khong co moi quan 
he vdi nhau ta quy ve chUng minh BDT vdi ba bien mdi p, q, r co moi quan he mat thiet vdi 
nhau do chinh la y tudng chinh cua phUdng phap. 

De thuan ldi cho viec ap dung phudng phap ta can nhd mot so phan tfch cd ban va mot so 
danh gia ddn gian nhu sau : 16 

2.3.1 Mot so phan tfch cd ban 

• a 2 + b 2 + c 2 = p 2 — 2q 

• a 3 + b 3 + c 3 — p 3 — 3 pq + 3 r 

• a 4 + 6 4 + c 4 = p 4 — 4p 2 q + 2 q 2 + Apr 

16 Tham khao ” BDT schur va phudng phap bien doi p,q,r - Vo Thanh Van ”. 
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• a 2 b 2 + b 2 c 2 + c 2 a 2 = q 2 - 2 pr 

• ab(a + b) + be (b + c) + ca (c + a) — pq — 3r 

• (a + b) (b + c) (c + a) = pq — r 

• (a + b) (a + c) + (b + c) (b +a) + (c +a) (c + b) = p 2 + q 

• ab ( a 2 + b 2 ) + be (b 2 + c 2 ) + ca (c 2 + a 2 ) = p 2 q — 2 q 2 — pr 

• a 3 b 3 + b 3 c 3 + c 3 a 3 = q 3 - 3 pqr + 3r 2 

• a 4 6 4 + b 4 c 4 + c 4 a 4 = g 4 - 4pg 2 r + 2p 2 r 2 + 4gr 2 
2.3.2 Mot so danh gia ddn gian 

• P 2 > 3q 

• p 3 > 27r 

• q 2 > 3pr 

• pq>9r 

• 2p 3 + 9r > 7pg 

• p 2 g + 3 pr > 4g 2 

• p 4 + 3g 2 > 4p 2 g 

• p 4 + 4g 2 + 6 pr > 5p 2 g 

• p 3 + 9r > 4pg 

• g 3 + 9r 2 > 4pgr 

• p 3 r + g 3 > 6 pgr 

. r > max | 0; p(i«-iT)| 

.r>max{o ; (49 -y ~ 9) | 

Chufng minh: 

• P 2 > 3g 

BDT tUdrig duMng vdi: 

a 2 + b 2 + c 2 > ab + be + ca 
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• p 3 > 27r 

BDT dung theo AM - GM ba bien. 

• q 2 > 3 pr 

BDT tUcjng dudng vdi: 

(ab) 2 + (be) 2 + ( ca ) 2 > abc (a + b + c ) 

• pq>9r 

BDT dung theo AM - GM ba bien. 

• 2 p 3 + 9r > 7 pq 

BDT tUdng dudng vdi: 

2 (a 3 + b 3 + c 3 ) > ( a 2 b + b 2 c + c 2 a) + (ab 2 + be 2 + ca 2 ) 
BDT nay dung thed BDT AM - GM ba bien. 

• p 2 q + 3 pr > 4 q 2 
BDT tUdng dudng vdi: 

a 3 b + b 3 c + c 3 a + ab 3 + be 3 + ca 3 > 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 
BDT nay dung thed AM - GM ba bien. 

• p 4 + 3 q 2 > Ap 2 q 
BDT tUdng dUdng vdi 

a 4 + b 4 + c 4 + a 2 b 2 + b 2 c 2 + c 2 a 2 > 2 a 6 c (a + b + c) 
BDT nay dung thed BDT AM - GM. 

• p 4 + 4 q 2 + 6 pr > bp 2 q 
BDT tUdng dudng: 

a 2 (a — b)(a — c) + b 2 (b — a) (b — c) + c 2 (c — a)(c — b) >0 
BDT la BDT Schur bac 4 nen hien nhien dung. 

• p 3 + 9r > Apq 

BDT tren tUdng dudng vdi: 

a (a — b) (a — c) + b (b — a) (b — c) + c (c — a) (c — b) > 0 
BDT la BDT Schur bac 3 nen hien nhien dung. 
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• q 3 + 9r 2 > Apqr 

BDT tren tUcing ducing vdi: 

(x + y + zy # 9 xyz >4 (x + y + z) ( xy + yz + xz) 

Trong do x — ab,y = be, z — ca. BDT thu dude hien nhien dung vi no la BDT Schur bac 
3. 


• p 3 r + q 3 > Gpqr 

BDT tUdng ducing vdi: 


pr {p 2 — 3 q) + q ( q 2 — 2>pr) > 0 
BDT nay hien nhien dung theo chUng minh tren. 

^ { n p(4q~p 2 )\ 

< r > max < 0 ;---> 

' ^ P (4? — p 2 ) 

Ta can chUng minh: r >-. BDT nay tUdng dUdng vdi: 


a (a — b) (a — c) + b (b — c) (b — a) + c (c — a) (c — b) > 0 


BDT nay hien nhien dung vi day la BDT Schur bac 3. 
T > max |o; ^^ - g) } 


Ta can chiing minh: r > ——i — -— BDT nay tUdng dUdng vdi: 

6 p 

a 2 (a — b)(a — c) + b 2 (b — a) (b — c) + c 2 (c — a) (c — b) >0 


BDT nay hien nhien dung vi day la BDT Schur bac 4. 


Ta thay trong qua trinh chUng minh cac danh gia ddn gian tren ta dung rat nhieu BDT Schur. 
Day la cong cu huu hieu khi ket hdp vdi ky thuat phan tich pqr trong chUng minh BDT . 17 


2.3.3 BDT Schur 

Vdi moi so thuc dUdng a, b, c, k. BDT sau luon dUng: 

a k (a — b)(a — c) + b k (b — a) (b — c) + c k (c — a) (c — b) > 0 

Chiing minh: 

Do tinh doi xUng cua BDT nen ta gia sU a > b > c. Khi do: 

a k (a — b)(a — c)> b k (a — b) (b — c) 


Vi vay: 


a k (a — b)(a — c) + b k (b — a) (b — c) + c k (c — a) (c — b) 


> c k (c — a) (c — b) >0 

17 Ban doc co the tham khao bai viet " BDT Schur va hug dung - Tran Xuan Dang - Toan hoc tuoi tre " 
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2.3.4 Vf du minh hoa 
Vi du 8. 

Vdi cac so thitc ditong x,y,z. Chvtng minh rang: 

x 4 + y 4 + z 4 > xyz(x + y + z) 

Phan tfch va lcfi giai De ddn gian ta chuan hoap = x+y + z = 1 va dat q = xy + yz +zx,r = 
xyz. Khi do BDT tren tUdng duong vdi: 


1 - 4q + 2q 2 + 3r > 0 


Ta lai co: 

Do do ta chi can chdng minh: 


7 q 2 

9r + 2 > 7q & 3r > y - - 


BDT tren luon dung vi q < -. 
Vi du 9 (Iran - 1996). 


1 - 4q + 2q 2 + ^ ^ > 0 ^ ^ (3q - 1) (2q - 1) > 0 

. 1 


Vdi cac so thitc dvtong x,y,z. Chilng minh rang: 




Phan tfch va ldi giai Ta chu y rang: 


Y J (x + y)\y + z? = 


J2( x + y)(y + z ) 


- 4 (x + y + z) (x + y) (y + z) (z + x) 


Do do BDT da cho tUdng duong: 

^ (p 2 + qf -Ap(pq-r) \ ^ 9 

C pq - r f 


Vp 4 q - 17p 2 q 2 + 4q 3 + Upqr - 9r 2 > 0 


O pq (p 3 + 9r — 4 pqr) + q (p 4 + 4 q 2 + 6 pr — 5 p 2 q) + r (pq — 9r) 

Theo cac danh gia tren bai toan drfdc chilng minh. □ 

Mot kho khan khi dung phudng phap pqr do la khoi ludng tinh toan kha nhieu. Tuy nhien neu 
thanh thao thi day chi la ky nang cd ban giong nhrf ky nang cho phrfdng phap SOS. Tiep den 
ta den vdi hai vi du de ta thay tinh hieu qua cung nhu ve dep khi ta ket hdp pqr va BDT Schur. 
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Vi du 10 (BDT schur va phucing phap bien doi p, q, r - Vo Thanh Van). 


Vdi cac so thiCc dvCOng x,y,z co tong bang 1. Chilng minh rang: 

1 1 1 „ 247 

--1-h 2 xyz > —— 

x — y y + Z z + x 54 


Phan tich va ldi giai Ta chu y x + y + z = 1. BDT da cho trfdng drfdng: 


1 1 1 xyz 247 

>—-—-1-h 2--->- 

x + y y + z z + x x + y + z 54 


Theo BDT Schur ta drfdc: 


2 yZ , - h t 4 ( xy + y^ + zx)-(x + y + zf] = ^ [4 {xy + yz + zx) - 1] 

x y z u y 


Nen ta can cluing minh: 

1 + q 2 {4q — 1) 247 


> 0 


q — r 9 54 

48g 2 + 259r + 54 > 48gr + 205g 


<^48(g-^ + r (16 - 48g) + 243r - 173g + ^ >0 


Lai thed BDT Schur ta lai co: 


Do do ta chi can chilng minh: 


p (4 q — p 2 ) 4q — 1 

■ 9 ~ 9 


48 ( q- ^ j + r (16 - 48g) + 27 (4? - 1) - 173g + ^ > 0 


48 ( q - + 16r (1 - 3g) + y (1 - 3g) > 0 


BDT tren la hien nhien vi q < - 
Vi du 11 (Tran Nam Dung). 


Vdi cac so th'ilc duong x,y,z. Ch/ilng minh rang: 

2 (a 2 + b 2 + c 2 ) + abc + 8 > 5 (a + b + c) 


Phan tich va ldi giai Ta co: 


4 (a 2 + b 2 + c 2 ) + 2 abc + 16 > 4 (a 2 + b 2 + c 2 ) H---b 15 

v ’ ~ v ’ a+b+c 


> 4 (p 2 — 2 g) + 4q — p 2 + 15 
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Do vay ta can chilng minh: 


4 (p 2 — 2q) + Aq — p 2 + 15 > 10p 


4=> 3p 2 — lOp + 15 — Aq > 0 

p 2 

Ma q < — do vay ta can co: 

3p 2 - lOp + 15 - -y- > 0 <S> jj(p — 3) 2 > 0 


Bai toan drtdc chilng minh. Dang thilc xay ra khi va chi khi a = b = c— 1. 


□ 


Ta da thay rc tinh linh heat khi ta thay ba bien x, y, z thanh ba bien mdi p,q. r co moi quan 
he mat thiet vdi nhau, cung nhit ve dep cua bai chilng minh khi ket hop vdi BDT Schur. Hdn 
ntra vdi nhilng bai kho hdn ta khong ddn thuan la bien doi va dung Schur ma con ket hop vdi 
chia trudng hdp de xil ly bai toan - Do la ca mot ky thuat, bai viet se khong trinh bay d day 
mdi ban doc xem trong tai lieu muc 8. 

2.4 Phtfdng phap don bien 

Trong chilng minh BDT ta thrfdng gap cac BDT co dang: f(x. y. z) > 0 de danh gia cho ve trai 
ta thudng tim mot chan dudi cho no bang each ap dung cac BDT phu, ham so... Mot trong so 
do la tim chan drfdi ling vdi cac bien “it lech” hdn (suy nghi nay rat trf nhien vi hau het cac 
dang thile xay ra treng chilng minh BDT la khi cac bien bang nhau). Tuy vad mdi bai mdi gia 
thiet ta cd mdt sd each khac nhau nhu: 


x + y x + y 
2 ’ 2 ' 


f(x,y,z) > f 


Z ) ; f(x, y,z)> f (y/xy; ^fxy\ z) 



Khi dd thay vi chilng minh ta chuyen ve chilng minh cac chan drfdi dd ldn hdn hdac bang 0 vdi 
sd bien it hdn (vi vay phudng phap cd ten la den bien). 


Tai lieu se diem qua 3 vi du dai dien che ba each den bien theng dung treng chilng minh BDT. 


Vi du 12 (BDT Nesbitt). 


Vdi cac so thuc duong x,y,z. Chting minh rang: 


-+ 

y + z z + x x + y 2 



Phan tich va lofi giai Dc BDT cd dang teng nen ta chcn each den bien: 
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Xet 


f(x,y,z) 


V + z 


x + y 


3 

2 


Ta hy vong co danh gia sau luon dung: 

{x + y x + y 


f{x,y,z) - f 


-g- + -g-- 2± + y) 

y + z z + x 2 z + x + y 


That vay: 

x y > {x + yf > 2 (x + y) 
y + z z + x ~ 2 xy + xz + yz ~ 2 z + x + y 

Do vay thay vi cluing minh bai toan vdi 3 bien x, y, z gib ta chi cluing minh BDT vdi 2 bien 
t, z: 

2 1 z 3 
t + z + 2t ~ 2 




(t ~ z ? 

2(t + z)t 


> 0 


□ 


Nhan xet: Neu ta ket hop chuan hoa thi ta chi can chiing minh BDT vdi 1 bien khi do cong 
viec trd nen d§ dang hdn. 


Vf du 13 (MOSP-2001). 

Vdi cac so thitc ducfng x, y, z thoa man xyz = 1. Chting minh rang: 

{x + y){y + z){z + x) >A(x + y + z-l) 

Phan tfch va ldi giai BDT co dieu kien tich ba bien la hang so nen ta se chon each don bien: 


f{x, y,z)>f {y/xy, y/xy, z) 

Xet 

f(x, y, z) = (x + y)(y + z)(z + x) - A(x + y + z - 1 ) 
Ta can danh gia sau day la dung: 
f(x, y,z) — f (y/xy, y/xy, z) 


= xy (x + y — 2 y/xy) + z (x 2 + y 2 + xz + yz — 2 xy - 2 Zy/xy) - 4 (x + y - 2 y/xy) 

= xy(y/x - y/yf + z [(x - yf + z{yfx - y/yfj - 4(v / i - yfyf 

= [yfx- yfyf \z 2 + xy + z(y{x + y/yf - 4 J 

= (Vx- y/y) 2 [(z + x)(z + y) + 2z^/xy - 4] 
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Ta lai co: 



ve trai cua BDT tren se ldn hdn hoac bang 4 neu z > 1. Dieu nay hoan toan co drfdc bang each 
sap lai thd til cac bien trong BDT (vi BDT la doi xting). 

Tom lai ta chi can cluing minh: 


2 t(t + z'f — 4 (2i + z — 1) > 0; (t = y/xy) 



(t - l) 2 (t 4 + 2t 3 + 1 - t 2 ) 
t 3 


> 0 


BDT cuoi luon dung vi t < 1. 


□ 


Nhan xet: PliUOng phap don bien se trd nen hieu qua hdn neu ta biet ap dung ket hdp vdi 
cac ky thuat khac: Sap thd tu bien, chuan hoan, dao ham,... 

Bay gib ta lai xet lai mot vi du cu ben tren nhung vdi each nhin mdi hdn. 

Vf du 14 (All-Russian Olympiad 2002). 

Vdi ba so thuc diCOng a, b, c co tong bang 3. Chting minh rang: 

v/a0\/6 + yfc > ab +be + ca 

Phan tich va ldi giai De thuan tien trong phep chitrig minh ta se dat yfa = x; y/b = y\y/e = z. 
Khi do gia thiet bai toan se la: 


x 2 + y 2 + z 2 = 3 


Nen ta chon each don bien: 



vdi f{x, y,z)=x + y + z- x 2 y 2 - y 2 z 2 
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Ta hy vong 


( \x 2 + y 2 

I x 2 + y 2 \ 

( , n lx 2 + y 2 \ 

2 2 fx 2 + y 2 \ 2 

[y 2 51 

V 2 ’ Z ) 

= ^ + B 2y 2 j 

P { 2 Jj 


= \ x + y -2 


x 2 + y 2 \ ( x 2 - y 2 


= (x- y) 


-(x-y) 

x + y + 

(x + yf 


x + y + 2J 


Danh gia tren khong phai luc nao cung dung, do do ta can sap lai thd tit cac bien va hy vong 
khi do no se dung. 

Khong mat tmh tong quat, ta gia sd x > y > z. Khi do z <l;x + y > \/2 va: 

b+A _i_ 


4 x + y + 2 2 2 + x/2 


Vay ta chi can chrfng minh: 


f ^ = a + - t* - 2t* (3 - 24 =) > 0; vdi4 = > j. 


2 1 + \/3 - 2t 2 - t 4 - 2£ 2 (3 - 2t 2 ) 


= 3t 4 - 6 1 2 + 2 1 + p3 - 2 1 2 = 3(t 2 - l) 2 + 2 (t - 1) + 2 ^ ^ > 0 

V ’ V3 - 2t 2 + 1 “ 

Bai toan dUdc chrfng minh. □ 

Tren la ba each don bien thong dung. Duong nhien tuy moi bai toan khac nhau ta se chon each 
don bien khac nhau 18 

De ket lai phan don bien ban doc hay diem lai cac bai giai trong de thi cua Pho thong nang 
khieu, Dak Lak lan 1, Thai Nguyen. 

Ngoai ra ban doc hay xem vi du sau day de co mot hrfdng nhin khac ve each don bien - khong 
ddn thuan la cac phep bien ddi tUdng dudng. 

Vi du 15 (IMO-1984). 

18 Ban doc nen xem quyen " Sang tao BDT - Pham Kim Hung 11 de thay dtfdc nhiing each don bien rat dac 
biet. 
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Vdi ba so thiCc khdng dm x, y, z co tong bang 3. Chting minh rang: 

7 


Phan tich va lcfi giai 

Y ttfdng: Gia snt ta can danh gia f(x, y,z) > f (t; t;z) ; t — khi do ta se khao sat ham 


g(e) = f (t + e-,t - e; z) 

vdi e > 0. Ta chilng minh day la ham tang (bang cong cu dao ham) vi vay: 

f(x, y,z) = g > ff(0) = / (t; t; z) 


Qua trd lai bai toan, ta chilng minh : 


f(x, y, z) = xy + yz + xz — 2 xyz - — 
vdi gia sii x > y > z . Vdi mdi {x, y, z) co dinh ta dat - < t — X + ^ < - 


g(e) = f(t+£, t—e,z ) = (t + e) (t — e)+2 1 (1 — 2t) — 2 (t + e) (t — e) (1 — 2t) — — ; [e > 0) 


Vi vay: 


g\e) = —2e + 4e (1 - 2 1) = £ (2 - 8 t) < 0 
9{e) < 9(0) 


' Tut tren ta dufdc: 


7 7 

xy + yz + xz — 2 xyz — — < t 2 + 2t (1 — 2t) — 2 1 2 (1 — 2t) — — 


t 2 + 2t(l- 2 1) - 2 1 2 (1-2 1)-^ = ^(3 i - l ) 2 (12t - 7) < 0 


Bai toan dude cluing minh . 
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2.5 PhifcJng phap SOS 

SOS la viet tat cua Sum of Square. Y trfdng phrfdng phap la drfa bai toan chrtng minh BDT ve 
phan tich thanh tong cac dai lrfdng binh phuong. Vi du: 

a 3 + b 3 + c 3 — 3 abc = ^(a + b + c) [(a — b ) 2 + (b — c ) 2 + (c — a) 2 ] > 0 
Vay la ta chrtng minh drfdc BDT AM - GM ba bien. 

Vi du 16 (Molddva MO 2006). 

Vdi a , b, c la do dai ba canh cua tarn giac. Ch/iing minh rang: 

Phan tich va lofi giai BDT tren trfdng dudng vdi: 
a 3 b 2 + b 3 c 2 + c 3 a 2 > abc ( a 2 + b 2 + c 2 ) 

a 2 (a — b + c) (b — c) 2 + b 2 (a+ b — c) (a — c) 2 + c 2 (b + c— a) (a — b) 2 > 0 

□ 

Nhan xet: Ldi giai tren rat dep tuy nhien cd 2 van de phat sinh: 

• De bien ddi thu drfdc BDT cudi khong phai la chuyen de dang, vay co met each thrfc nad 
cho viec phan tich nay? 

• Neu cac phan 

S a = a 2 (a — b + c) ; S), = b 2 (a + b — c) ; S c — c 2 {b + c — a) 

trdng mot bai toan khac chung khong dam bao la khong am vay cd chifng minh drfdc 
BDT hay khong? 

Chinh hai van de tren la dong lrfc de phudng phap SOS xuat hien. 

2.5.1 Cac phan tich cd ban 

Mot so phan tich sau se giup chung ta rut ngan thdi gian khi srf dung SOS cung nhu cd dinh 
hudng cho cac phep bien doi 

• a 2 + b 2 — 2 ab = (a — b) 2 

. Q i b n _ ( a ~ b ) 2 

b + a ab 

• a 3 + b 3 — ab(a + b) = (a + b)(a — b) 2 
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• a 2 + b 2 + c 2 — ab — be — ca — i [(a — b) 2 + (b — c) 2 + (c — a) 2 ] 

• a 2 + b 2 + c 2 - ^(a + b + c) 2 = ^ [(a - b) 2 + (b - c ) 2 + (c- a) 2 ] 


(a + b) (b + c) (c + a) — 8 abc = a(b — c) 2 + b(c — a) 2 + c(a — b) 2 


• a 3 + b 3 + c 3 — 3a6c = -(a + b + c) [(a — b ) 2 + (6 — c ) 2 + (c — a) 2 ] 

• V 2 (a 2 + 6 2 ) - (a + 6 ) = 7 ^ ~ - 

V > y > y 2 (a 2 + 6 2 ) + (a + &) 

o b c 3 ^—\ (o — 6 ) 

• - 1 - 1 -= > --- - - 

h 4 - r. c 4 - a a A-b 2 ' 2 


/ . , . \3 of7 , 7o + fe + c 2 . a + 76 + c 2 . a + b + 7c 2 
(a + o + c) —27 abc= ---(o — c) H---(c — a) H---(a — o) 


2.5.2 Dinh ly SOS 

Xet bieu thtfc 

S = /(a, b , c) = S a (6 — c ) 2 + S&(a — c ) 2 + S c (a — b) 2 
trong do S a ; S&; S c la cac ham so theo a,b,c 


1. Niu S a ] S b ; S c > 0 thi S' > 0. 

2 . Vdi a > b > c va: 


[ 5 t >0 

• < 5 6 + S a >0 thi S > 0. 

[ S b + S c > 0 

Md rong: 

, ( s a >s b >s c 

+ Neu < thi S > 0. 

| S 6 + S c > 0 

, \ s a <s b <s c 

4* Neu < t hi S > 0. 

[ s b + s a > 0 

[ S a -S c > 0 

• < S a + 2S b > 0 thiS>0. 

[ S c + 2S b > 0 


S b ; S c > 0 
a 2 S b + b 2 S a > 0 


thi S > 0. 
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3. Neu 


S a + S b + S c > 0 
S a S b + S b S e + S c S a > 0 


thi S > 0. 


Chiing minh : 19 

1. Neu S a ] S b ; S c > 0 thi S > 0. (hien nhien) 


2. Vdi a > b > c va: 

f *56 >0 

• Ta co: < S b + S a > 0 

( S b +S c > 0 

Vi a > b > c (a — c) 2 > (a — b) 2 + (b — cf nen 

S = S a (b- c) 2 + S b (a - cf + S c (a - bf > ( S a + S b ) (b - cf + (S c + S b ) (a -bf> 0 
[ S a -,S C > 0 

• Ta co: < S a + 2S b > 0 

[ S c + 2S b > 0 

Neu S b > 0 ket hop vdi S a ] S c > 0 ta dude dieu phai chiing minh. O day ta chi xet 
vdi S b < 0. 

Vi (a — cf < 2 (a — bf + 2 (b — cf nen: 


S = S a (b - cf+S b (a - cf+S c (a - bf > (S a + 2 S b ) (b - cf+(S c + 2 S b ) (a - bf > 0 


S b ; S c > 0 
a 2 S b + b 2 S a > 0 


Vi a > b > c nen ^^ khi do: 

b — c b 


S a (b - cf + S b (a - cf = {b- cf S a + S b . 
S b , S c > 0 


>{b-cf | Sa + S b \^ 


Vi vay 


a 2 S b + b 2 S a > 0 


thi S> {b-cf K + Sb.f-) +S c (a-bf > 0 


S a + S b + S c > 0 
S a S b + S b S c + S c S a > 0 


Ta chhng minh khi 


S a < 0 
S b + S c > 0 


cac trUdng hop khac tUOng tu. 


19 Khi lam mot bai thi ma suf dung phuciug phap SOS, hoc sinh phai kem phep chiing minh vao bai giai tranh 
bi mat diem. 
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Ta co: 


(S b + S c ) [S a (b - cf + S b (a - cf + S c (a - bf] 

= (S b + S c ) 2 a 2 -2 (S b + S c ) ( bS c + cS b ) a + (S b + S c ) [(?S b + b 2 S c + S a (b - cf] 
= [(S b + S c ) a — ( bS c + cS b )] 2 + ( S a S b + S b S c + S c S a ) (6 - cf > 0 

2.5.3 Vi du minh hoa 

Vf du 17 (BDT Schur). 

Vdi a, b, c la ba so thuc khong dm. Chilng minh rang: 


a 3 + b 3 + c 3 + 2>abc > ab(a + b) + bc(b + c) + ca(c + a) 


Phan tfch va ldi giai Khong mat tmh tong quat ta gia sn ( a > b > c 
BDT tren tUdng dudng: 


a 3 + b 3 + c 3 — 3 abc > ab(a + b) + bc(b + c) + ca(c + a) — 6 abc 



—a + b + c 
2 



Khi d6 ta thay: 





Do do theo dinh ly SOS ta dude didu phai chtrng minh. 


□ 


Vf du 18. 


Vdi a , b, c la ba so thuc dudng. Chting minh rang: 



Phan tfch va ldi giai Khong mat tmh tong quat ta gia snt a > b > c. 
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BDT ttfdng dUOng vdi: 


E « 2 

E ab 



1 

4 


> 0 




f E 0 ~ b f 
E ab 




( b ~ c f 

4(6 + c) 2 


> 0 




1 

2 ^2 ab 


1 

2 (a + 6) 2 


(a — 6) 2 > 0 


Vay nen: 


S a 


1 

2 (ab + bc + ac) 


1 


2 (6+ cy 


1 1 

2 (a6 + 6c + ac) 2(c+a) 2 ’ 


S c = 


1 

2 (ab + 6c + ac) 


1 

2 (a + 6) 2 


Ta thay rang 0 < S b < S c do do theo dinh ly SOS ta can b 2 S a + a 2 S b > 0 
That vay, 


b 2 S a + a 2 S h = 


b 6 2 


6 2 


2 (a6 + 6c + ac) 2(6+ c) 2 2(c + a) 2 


a 3 c + 6 3 c — a 2 6c — a6 2 c + a 3 6 + 6 3 o — 2a 2 6 2 am-gm ^ 

2 (06 +6c + ac) (6 +c) 2 (c +a) 2 _ 

Bai toan drfOc chitng minh. □ 

Bai viet se khong liet ke ra cac vf du ap dung dinh ly SOS nua (vi nhu vay se qua dai) ma de 
ban doc tU trai nghiem no 20 . Doi khi y tudng cua phuong phap cung mang mot gia tri quy 
khong kem gi phuong phap, vi du cuoi cung sau minh chitng cho dieu do. 

Vi du 19. 

V6i ba so thuc duong a , 6, c. Ch/lng minh rang: 

a 6 c ^ a b c 3 

7-1-1- 7 A —I-— 

_ 6 + c c + a a + 6 6 c a 2 _ 

Phan tich va lcfi giai Khong mat tinh tong quat, ta gia sit c la so nho nhat trong ba so a, 6, c. 
20 Hay chon mot BDT doi xhng ba bien va co gang phan tich de sii dung dinh ly SOS. 
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Nguyen Tuan Anh 


a b 

+ — < 

b + c c+ a 

a + b 

2 a 

2b 

2 c 

b + c^ 

c + a 

+ a + b 

(a - bf 

a ■ 


a b c 3 


a b c 

- H-1- 

b c a 


a + b + 2c 


(b + c) (c + a) (b + c) (c + a) (a + b) 


(a — c) (b — c) < 2 


(a — b) 2 (a — c) (b — c ) 


ab 


ab (6 + c)(c + a) 


( a “ 6 ) 2 + ~ “ 


u + b + 2c 


ac (b + c) (c + a) (a + 6) 


(a — c) (6 — c) >0 


Ve trai la bieu thiic cua nhung so hang khong am do do bai toan dUOc chihig minh. □ 

Ket lai phuong phap SOS ban doc hay em lai bai giai cua cac de thi HSG ldlp 12 - Ha Noi, 
Bao Loc lan 3, Dai hoc Vinh ngay thiJ 1 


HfiT 
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[4] https://www.facebook. com/groups/110865909255110/ 

[5] Sang tao BDT - Pham Kim Hung 

[6] Bat dang thtic suy luan va kham pha - Pham Van Thuan, Le VI. 

[7] Sit dung AM - GM de ch'tlng minh BDT - Vo Quoc Ba Can, Trdn Quoc Anh. 

[8] Bat dang thdc schur va phitctng phap bien doi p,q,r - Vo Thanh Van 
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